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Abstract. We investigate the boundedness problem for log Calabi–Yau fibra-
tions whose bases and general fibers are bounded. We prove that the total spaces
of log Calabi–Yau fibrations are bounded in codimension one after fixing some nat-
ural invariants, which confirms a conjecture of Birkar and Hacon. We also prove
that the total spaces are bounded if, in addition, the irregularity of the general
fibers vanishes. Then we apply our results to the boundedness problem for stable
minimal models and fibered Calabi–Yau varieties.
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1. Introduction

Throughout this paper, we work over an algebraically closed field k of charac-
teristic zero. By integral divisor, we mean a Q-Cartier Weil divisor with integer
coefficients that is not necessarily Cartier and need not be effective.

According to the minimal model program conjecture and the abundance conjec-
ture, every projective variety Y is birational to a projective variety X with mild
singularities such that either X is canonically polarized, or X admits a Mori–Fano
fibration X → Z, or X admits a Calabi–Yau fibration X → Z. For this reason,
canonically polarized varieties, Fano varieties, Calabi–Yau varieties, and their fibra-
tions play a central role in birational geometry. From the perspective of constructing
a moduli space for a given class of varieties, the first step is to determine whether
they form a bounded family. For the definition of boundedness for varieties, see
§2.9.

The boundedness of canonically polarized varieties is established in [HMX14,
HMX18], and the boundedness of Fano varieties with mild singularities, known as the
famous BAB conjecture, is proved by Birkar [Bir19,Bir21b]. However, for Calabi–
Yau varieties, due to the lack of a natural polarization, the question of boundedness
remains widely open even in dimension three for strict Calabi–Yau manifolds. Nev-
ertheless, for polarized Calabi–Yau varieties, Birkar shows that boundedness holds
under certain conditions [Bir23a]: either one allows a non-effective polarization while
requiring the underlying variety to be klt, or, if the underlying variety is slc, the
polarization must be an effective divisor that does not contain the non-klt center of
the variety.

Based on the predictions of the minimal model program and the abundance
conjecture, it is important to extend boundedness results to Fano fibrations and
Calabi–Yau fibrations. Such fibrations also frequently appear in inductive argu-
ments. In [Jia18], Jiang considered the birational boundedness of Fano fibrations
under several conjectural assumptions. Later, Birkar used some of these arguments
to obtain the birational boundedness of Fano fibrations and carried out further
work to establish boundedness [Bir24]. However, the boundedness of Calabi–Yau
fibrations is not fully understood, although some literature addresses this direction
[FS20,Bir21a,Bir22,Jia23,BDCS24,FHS24,Fil24,Jia25,HH25,Zhu25].

A Calabi–Yau fibration f : X → Z consists of a projective variety X and a con-
traction f : X → Z such that KX ∼Q,Z 0. In this paper, we investigate the following
guiding question: under what conditions does the total space of a Calabi–Yau fi-
bration f : X → Z belong to a bounded family? We answer this question with the
following result, which is a special case of Theorem 1.4 and Theorem 1.7.

Theorem 1.1. Let d ∈ N and v, r, ϵ ∈ R>0. Consider projective normal varieties
X such that

(1) X is ϵ-lc of dimension d,
(2) f : X → Z is a fibration such that KX ∼Q,Z 0,
(3) A is an integral divisor on X that is ample over Z, and vol(A|F ) ≤ v, where

F is the general fiber of f : X → Z,
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(4) H ≥ 0 is a very ample divisor on Z such that HdimZ ≤ r, and
(5) f ∗H −KX is pseudo-effective.

Then the set of such X is bounded in codimension one. If further,

(6) SuppR1f∗OX ⊊ Z,

then the set of such X forms a bounded family.

Note that condition (4) implies that the base Z belongs to a bounded family,
and condition (3) implies that the general fiber F belongs to a bounded family; see
[Bir23a, Corollary 1.6]. However, even if both the base and the general fiber belong
to bounded families, the total space need not be bounded in general.

For example, by [Fil24, Example 3.1], there exists a set of smooth elliptic surfaces
fn : Sn → C over a curve C with g(C) ≥ 2, such that each fn is smooth and
isotrivial. It then follows from the canonical bundle formula that KSn ∼Q f ∗

nKC .
Hence condition (5) is satisfied in this setting since we may choose a very ample
divisor H on C such that H −KC is pseudo-effective. However, the collection {Sn}
is not bounded, as Sn does not admit a multisection of degree smaller than n. This
example illustrates that condition (3) is not merely used to bound the general fibers.

On the other hand, by [Mir81, Corollaries 2.4 and 2.5], there exists a set of minimal
elliptic surfaces gn : Xn → P1 with sections C satisfying C2 = −n for n ∈ N, such
that KXn ∼Q (n− 2)F , where F denotes a fiber of gn. In this case, condition (3) is
satisfied, yet the total spaces Xn are still not bounded, since the “degree” of KXn

cannot be controlled by a very ample divisor H on Z with bounded HdimZ . This
demonstrates the necessity of condition (5).

Condition (6) means that the irregularity of the general fiber F vanishes, and it
is natural to ask whether this assumption can be removed in order to obtain full
boundedness.

Polarized log Calabi–Yau fibration. We now turn to the preparation for more
general statements of our results. Inspired by the study of Fano type fibrations (see
Definition 4.1 and Theorem 4.2) in [Jia18,Bir24], we introduce a special structure
for log Calabi–Yau fibrations equipped with polarizations on both the base and the
general fiber.

Definition 1.2. A polarized log Calabi–Yau fibration (resp. weak polarized log
Calabi–Yau fibration) f : ((X,B), A) → (Z,H) consists of

(1) a projective pair (X,B),
(2) a fibration f : X → Z such that KX + B ∼R f

∗N for some R-divisor N on
Z,

(3) an integral divisor A on X that is ample over Z, and
(4) a very ample divisor H ≥ 0 on Z such that H −N is ample (resp. pseudo-

effective).

Note that H is a polarization on the base Z, and A|F is a polarization on the
general fiber F of f : X → Z. If f is constant, that is, if Z is a point, then
KX + B ∼Q 0 and A is an ample integral divisor on X. In this case, we call
((X,B), A) a polarized log Calabi–Yau pair.
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We now fix some invariants of a (weak) polarized log Calabi–Yau fibration.

Definition 1.3. Let d ∈ N, v, r, ϵ ∈ R>0, and Φ ⊂ [0, 1] ∩ R be a DCC set.

(1) A (weak) (d, r, ϵ)-polarized log Calabi–Yau fibration is a (weak) polarized log
Calabi–Yau fibration f : ((X,B), A) → (Z,H) satisfying

• (X,B) is a projective ϵ-lc pair of dimension d, and
• HdimZ ≤ r.

(2) If, additionally,
• vol(A|F ) ≤ v, where F is a general fiber of f : X → Z,

then we call f : ((X,B), A) → (Z,H) a (weak) (d, v, r, ϵ)-polarized log
Calabi–Yau fibration.

(3) Furthermore, if
• the coefficients of B belong to Φ,

then we refer to f : ((X,B), A) → (Z,H) as a (weak) (d,Φ, v, r, ϵ)-polarized
log Calabi–Yau fibration.

Boundedness of polarized log Calabi–Yau fibration. Birkar’s work on Fano type
fibrations [Bir24] can be viewed as a relative version of the BAB theorem [Bir21b].
In a similar spirit, our results may be regarded as a relative analogue of Birkar’s
boundedness theorem for polarized log Calabi–Yau pairs [Bir23a].

One of our main boundedness statements in codimension one for weak polarized
log Calabi–Yau fibrations concerns the case where the coefficients of B belong to a
finite set Φ. In particular, this includes the special case B = 0, that is, Φ = {0},
which was first conjectured by Birkar and Hacon.

Theorem 1.4. Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1]∩Q be a finite set. Consider
the set of all weak (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibrations f : ((X,B), A) →
(Z,H). Then the set of such (X,B + f ∗H) is log bounded in codimension one.

For a more general version of this result, see Theorem 3.1. By combining Theorem
1.4 with the technique from [Bir23b], we establish the boundedness in codimension
one for polarized log Calabi–Yau fibrations with arbitrary real coefficients for B.
However, we need to assume the ampleness of H −N due to a technical reason.

Theorem 1.5. Let d ∈ N and v, r, ϵ, δ ∈ R>0. Consider the set of all (d, v, r, ϵ)-
polarized log Calabi–Yau fibrations ((X,B), A) → (Z,H) and R-divisors 0 ≤ ∆ ≤
B where the non-zero coefficients of ∆ are greater than δ. Then the set of such
(X,∆+ f ∗H) is log bounded in codimension one.

Question 1.6. With the same notation as Theorem 1.4, is the set of such pairs
(X,B + f ∗H) log bounded?

When dimZ = 1, boundedness is studied in [HH25]. For Q-factorial terminal
minimal threefolds of Kodaira dimension two, [FHS24] derives boundedness from
boundedness in codimension one by studying the Kawamata–Morrison cone conjec-
ture and the liftability of flops. In this paper, we propose an alternative approach.
Under the additional condition that SuppR1f∗OX ⊊ Z, we obtain the actual bound-
edness of (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibrations.
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Theorem 1.7. Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1]∩Q be a finite set. Consider
the set of all weak (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibrations f : ((X,B), A) →
(Z,H) such that SuppR1f∗OX ⊊ Z. Then the set of such (X,B + f ∗H) is log
bounded.

Boundedness of stable minimal models and fibered Calabi–Yau varieties. We
now apply these general boundedness results to some special cases of polarized log
Calabi–Yau fibrations. First, we consider the case where KX + B is semi-ample.
It turns out that under some natural conditions, we can choose H = lN for some
bounded positive integer l > 1. Then H − N is automatically ample. In this
case, ((X,B), A) is a so-called stable minimal model [Bir22, Jia23, Zhu25]. Jiao
[Jia25] shows that (X,B) is crepant birationally bounded. When dimF = 1, the
log boundedness in codimension one of (X,B) follows from [Fil24].

Corollary 1.8. Let d ∈ N, u, v ∈ Q>0, and Φ ⊂ [0, 1] ∩Q be a DCC set. Consider
the set of ((X,B), A) such that

(1) (X,B) is a projective klt pair of dimension d,
(2) the coefficients of B are in Φ,
(3) KX +B is semi-ample defining a contraction f : (X,B) → Z,
(4) Ivol(KX +B) = u,
(5) A is an integral divisor on X that is ample over Z, and vol(A|F ) ≤ v, where

F is the general fiber of f : X → Z.

Then the set of such (X,B) is log bounded in codimension one. Moreover, if
SuppR1f∗OX ⊊ Z, then the set of such (X,B) forms a log bounded family.

Next we consider another important case of polarized log Calabi–Yau fibration,
where the total space is a Calabi–Yau variety. Such a fibration is called a fibered
Calabi–Yau variety. In this case, we have N ∼Q 0, so H−N is automatically ample.
Furthermore, we assume that the base Z is rationally connected. Note that if X
is a strict Calabi–Yau manifold, then by [BDCS24, Corollary 5.1], this condition is
automatically satisfied.

Corollary 1.9. Let d ∈ N and ϵ, v ∈ R>0. Assume that

(1) (X,B) is a projective ϵ-lc pair of dimension d,
(2) KX +B ∼R 0,
(3) f : X → Z is a contraction to a rationally connected variety Z, and
(4) A is an integral divisor on X such that 0 < vol(A|F ) ≤ v, where F is the

general fiber of f : X → Z.

Then the set of such X is bounded in codimension one.

By [Bir23b], we do not need to assume the boundedness of the torsion index of
KX + B. If dimF = 1, this case is studied in [BDCS24, Theorem 1.4]. The case
where X has terminal singularities is treated in [Jia25, Theorem 8.2].

Sketch of proof. We sketch the proofs of our main theorems, starting with The-
orem 1.4. Given a (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibration f : ((X,B), A) →
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(Z,H), note that the base Z is bounded by assumption and the general fiber
((F,BF ), AF ) is bounded by [Bir23a, Corollary 1.6]. We study the induced rational
map from Z to a “moduli space” of the general fibers. For this purpose, we use
the strongly embedded fine moduli space S of polarized log Calabi–Yau pairs con-
structed in [Bir22,Bir23a]. Since S also parametrizes the polarizations, the universal
family (X ,B) → S is not necessarily of maximal variation, and the rational map
Z 99K S is not necessarily bounded. Applying [Amb05], we obtain a new family
(X !,B!) → S ! of maximal variation with b-nef and big moduli part M!. Therefore,
since the moduli part MZ of f : (X,B) → Z is controlled by H, a volume argu-
ment shows that, up to a generically finite cover, the map Z 99K S ! is bounded; see
Theorem 3.5.

The traditional strategy for proving boundedness of polarized fibrations is to
modify the vertical part of the polarization A so as to obtain a global ample divisor
on X with bounded volume; see [Bir22, Jia23, Bir24, Zhu25, HH25]. However, this
approach fails in our setting. Instead, we construct a new polarization L arising
from the family (X !,B!) → S ! such that L ≡ mA over the generic point of Z for
some fixed m ∈ N. More precisely, we define a polarization L on (X ,B) → S by
pulling back A! to a Galois cover of X , taking the Galois sum, and then descending
it to X . For every s ∈ S, we have Ls ≡ mAs; see Theorem 3.4(6). Finally, we define
L as the closure of the pullback of L via the moduli map Z 99K S. Since L arises
from the fixed family ((X !,B!),A!) → S ! and the map Z 99K S ! is bounded up to a
generically finite cover, by the invariance of plurigenera and an argument about the
descent of volume from a generically finite cover, we can show that, after modifying
the vertical part of ((X,B), L) → Z, the volume of L can be controlled on a suitable
birational model; see Lemma 3.6 and Theorem 3.8.

To proceed, we apply weak semistable reduction [AK00] and the minimal model
program for lc pairs [HX13] in Theorem 3.7 to obtain a new birational model
((X ′,∆′), L′) → Z of ((X,B), L) → Z satisfying that

(1) (X ′,∆′ + αL′) is lc for some fixed positive real number α,
(2) KX′ +∆′ + αL′ is big, and
(3) vol(KX′ +∆′ + αL′) is bounded from above.

Then, we apply [HMX13, HMX14] to obtain the log birational boundedness of
(X ′,∆′). Moreover, we can deduce that Supp(∆′) contains both the strict transform
of Supp(B) on X ′ and the exceptional divisors over X. We then apply the MMP in
family [HMX18] to bound (X,B) in codimension one.

Regarding the proof of Theorem 1.5, we consider two cases. If the horizontal
part Bh of B is nonzero, then KX is not pseudo-effective over Z. Let t be the
pseudo-effective threshold of A with respect to KX over Z. By the argument as in
[Bir23b, Theorem 10.1], we can run an MMP on KX + tA over Z to decompose the
new fibration into a Fano type fibration and a lower-dimensional polarized Calabi–
Yau fibration. We then proceed by applying the boundedness of Fano type fibrations
[Bir24] and induction. If Bh = 0, then B is vertical over Z. After reducing to the
case where Z is Q-factorial and modifying B to be a very exceptional divisor over
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Z, we run an MMP on KX + B over Z by [Bir12] to contract all components of
Supp(B). This case then follows directly from Theorem 1.4 with Φ = {0}.

Now we turn to the sketch of the proof of Theorem 1.7. The polarization L con-
structed in Theorem 1.4 satisfies L ≡ mA over the generic point of Z for some fixed
m ∈ N, and one might hope to modify its vertical part to extend this equivalence
over all of Z. However, [Xie25, Example 5.1] shows that this is not possible in gen-
eral. Nonetheless, under the assumption that SuppR1f∗OX ⊊ Z, we may assume
that L ∼Q mA over the generic point of Z. Then we construct a new polarization
J such that J ∼Q mA over Z and the components of Supp(J − L) can be con-
trolled uniformly, see Lemma 5.2. The remaining difficulty is that the components
of Supp(J − L) are vertical over Z, hence non-big over Z, and the coefficients ap-
pearing in J − L are uncontrolled. To address this issue, we study the finiteness of
log canonical models where the boundary divisors vary in a polytope whose bound-
ary contains non-big divisors, see Lemma 5.3. Finally, by the relative ampleness of
A over Z and a standard argument of running an MMP in a family [HMX18], we
establish the pure boundedness of (X,B) from boundedness in codimension one.

Structure of the paper. This paper is organized as follows. In §2 we recall some
definitions and preliminary results. In §3, we prove Theorem 1.4, which establishes
boundedness for fibrations with finite coefficient sets. In §4, we extend the argument
to arbitrary coefficients and prove Theorem 1.5. In §5, we focus on fibrations whose
general fibers have vanishing irregularity and prove Theorem 1.7. Finally, in §6, we
deduce Corollaries 1.8 and 1.9 as consequences of our main results.
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2. Preliminaries

2.1. Notations and conventions. We collect some notations and conventions used
in this paper.

(1) A projective morphism f : X → Z between normal quasi-projective varieties
is called a contraction if f∗OX = OZ . In particular, f is surjective with
connected fibers.
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(2) For a fibration f : X → Z, we use Xη to denote the generic fiber of f and
Xg to denote the general fiber of f . For an R-divisor B on X, we write
Bη := B|Xη and Bg := B|Xg .

(3) Let f : X → Z be a morphism between normal quasi-projective varieties,
and let M and L be R-Cartier R-divisors on X. We say M ∼Z L (resp.
M ∼Q,Z L, M ∼R,Z L) if there is a Cartier (resp. Q-Cartier, R-Cartier )
divisor N on Z such that M − L ∼ f ∗N (resp. M − L ∼Q f

∗N , M − L ∼R
f ∗N).

(4) Let X be a normal quasi-projective variety, and letM be an R-divisor on X.
Write M =

∑
miMi, where Mi are the distinct irreducible components. We

define M≥a :=
∑

mi≥amiMi, M≤a :=
∑

mi≤amiMi, M>a :=
∑

mi>a
miMi,

and M<a :=
∑

mi<a
miMi.

(5) Let f : X → Z be a morphism between normal quasi-projective varieties,
and let D be a R-divisor on X. We say D is horizontal over Z if the induced
map SuppD → Z is dominant, otherwise we say D is vertical over Z. Given
an R-divisor D on X, there is a unique decomposition D = Dh + Dv such
that

• SuppDh, SuppDv have no common components,
• every component of SuppDh is horizontal over Z, and
• Dv is vertical over Z.

We call Dh the horizontal part of D and Dv the vertical part of D with
respect to f : X → Z.

(6) We say that a set Φ ⊂ R satisfies the descending chain condition (DCC, for
short) if Φ does not contain any strictly decreasing infinite sequence. Simi-
larly, we say that a set Φ ⊂ R satisfies the ascending chain condition (ACC,
for short) if Φ does not contain any strictly increasing infinite sequence.

(7) LetX be a normal projective variety of dimension d, and letD be a Q-divisor
onX such that the Iitaka dimension κ(D) is non-negative. The Iitaka volume
of D, denoted by Ivol(D), is defined as

Ivol(D) = lim sup
m→∞

κ(D)!h0(X,OX(⌊mD⌋))
mκ(D)

.

When D is big, this is also called the volume of D, denoted by vol(D). If D
is semi-ample and defines a contraction f : X → Z such that D ∼Q f

∗H for
some ample Q-divisor H on Z, then Ivol(D) = vol(H) = HdimZ .

2.2. Pairs and singularities. A sub-pair (X,B) consists of a normal quasi-projective
variety X and an R-divisor B on X such that KX +B is R-Cartier. If, in addition,
B ≥ 0, then (X,B) is called a pair.

Let D be a prime divisor over X. Let π : X ′ → X be a log resolution of (X,B)
such that D is a prime divisor on X ′. We can write

KX′ +B′ = π∗(KX +B).

The log discrepancy of D with respect to (X,B) is defined by

a(D,X,B) := 1−multD B
′.
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We say that (X,B) is sub-klt (resp. sub-lc, sub-ϵ-lc) if a(D,X,B) > 0 (resp.
a(D,X,B) ≥ 0, a(D,X,B) ≥ ϵ) for every prime divisor D over X. If (X,B) is a
pair, we drop the prefix “sub” and say that (X,B) is klt (resp. lc, ϵ-lc).

A non-klt place of (X,B) is a prime divisor D over X, that is, a prime divisor on
some birational model of X, such that a(D,X,B) ≤ 0. A non-klt center of (X,B)
is the image of a non-klt place on X.

A log place of (X,B) is a prime divisor D over X such that a(D,X,B) ∈ [0, 1).
A log center of (X,B) is the image of a log place on X.

2.3. Minimal models. Suppose that f : X → Z and fm : Xm → Z are pro-
jective morphisms, ϕ : X 99K Xm is a birational map over Z which does not ex-
tract any divisor, and (X,B) and (Xm, Bm) are lc pairs, where Bm = ϕ∗B. If
a(E,X,B) > a(E,Xm, Bm) (resp. a(E,X,B) ≥ a(E,Xm, Bm)) for all prime ϕ-
exceptional divisors E ⊂ X, Xm is Q-factorial, and KXm + Bm is nef over Z, then
we say that ϕ : X 99K Xm is a minimal model (resp. weak log canonical model) of
(X,B) over Z.

A minimal model (resp. weak log canonical model) ϕ : X 99K Xm of (X,B)
over Z is called a good minimal model (resp. semi-ample model) if KXm + Bm is
semi-ample over Z. In this case,

R(X/Z,KXm +Bm) :=
⊕
l≥0

fm∗ OXm(l(KXm +Bm))

is a finitely generated OZ-algebra, and let

Xc = ProjR(X/Z,KXm +Bm).

If KXm +Bm is semi-ample and big over Z, then Xc is called the log canonical model
of (X,B) over Z.

Definition 2.1. ([Bir17, Definition 1.3]) Let f : X → Z be a contraction between
two projective varieties, and let L be an R-Cartier R-divisor on X. The relative
exceptional locus of L (also called the relative null locus when L is nef over Z) is
defined as

E(L/Z) =
⋃

L|V is not big over f(V )

V,

where the union runs over the integral subvarieties V ⊆ X with positive dimension.

Lemma 2.2. Assume that

• (X,B) is a lc pair and f : X → Z is a contraction,
• µ : Z ′ → Z is a finite cover,
• X ′ is the normalization of X×Z Z

′ and denote the natural finite cover X ′ →
X by π, and the contraction X ′ → Z ′ by f ′,

• (X ′, B′) is a lc pair such that KX′ +B′ = π∗(KX +B), and
• η : X ′′ 99K X ′/Z ′ is an isomorphism in codimension one and B′′ is the strict
transform of B′ on X ′′.
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(X ′′, B′′)
η
//

&&

(X ′, B′)
π
//

f ′

��

(X,B)

f

��

Z ′ µ
// Z

Then we have the following statements:

(1) If (X,B) 99K (Xm, Bm) is a good minimal model of KX + B over Z and
(X ′′, B′′) 99K (X ′′m, B′′m) is a good minimal model of KX′′ + B′′ over Z ′,
then (X ′′m, B′′m) is isomorphic in codimension one to the normalization of
(Xm, Bm)×Z Z

′,
(2) If furthermore KX +B is big over Z, assume that (X,B) 99K (Xc, Bc) is the

log canonical model of KX + B over Z, and (X ′′, B′′) 99K (X ′′c, B′′c) is the
log canonical model of KX′′ +B′′ over Z ′. Then (X ′′c, B′′c) is isomorphic to
the normalization of (Xc, Bc)×Z Z

′.

Proof. (1). By [HX13, Lemma 2.4(1)], the set of exceptional divisors of X 99K Xm

coincides with the support of Nσ(KX +B/Z), and the set of exceptional divisors of
X ′′ 99K X ′′m coincides with the support of Nσ(KX′′ + B′′/Z ′). Thus it suffices to
prove

Supp(Nσ(KX′′ +B′′/Z ′)) = η−1π−1 Supp(Nσ(KX +B/Z)).

Since X ′ → X is a finite cover, by [Nak04, §3, Theorem 5.16], we have

π−1 Supp(Nσ(KX +B/Z)) = Supp(Nσ(KX′ +B′/Z ′)).

Since (X ′, B′) is isomorphic in codimension one to (X ′′, B′′), there is a one-to-one
correspondence between |m(KX′ +B′)/Z ′| and |m(KX′′ +B′′)/Z ′| for every m ∈ N,
hence

η−1 Supp(Nσ(KX′ +B′/Z ′)) = Supp(Nσ(KX′′ +B′′/Z ′)),

and we finish the proof.
(2). Since X ′ → X is a finite cover, we have

π−1E(KX +B/Z) = E(KX′ +B′/Z ′)

by [Gom22, Theorem 1.1]. Since (X ′′, B′′) is isomorphic in codimension one to
(X ′, B′), the divisorial part of E(KX′′ + B′′/Z ′) coincides with the strict transform

of the divisorial part of E(KX′ + B′/Z ′). Let (X̃c, B̃c) be the normalization of
(Xc, Bc)×Z Z

′. Since Xm → Xc contracts E(KXm + Bm/Z) and X ′′m → X ′′c con-
tracts E(KX′′m+B′′m/Z ′), we conclude that (X ′′c, B′′c) is isomorphic in codimension

one to (X̃c, B̃c).

Note that KX̃c + B̃c is ample because KXc + Bc is ample and X̃c → Xc is a

finite cover. Since KX̃c + B̃c and KX′′c + B′′c are both ample, and since (X ′′c, B′′c)

and (X̃c, B̃c) are isomorphic in codimension one, we conclude that (X ′′c, B′′c) is

isomorphic to (X̃c, B̃c). □
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2.4. b-divisors. Let X be a normal quasi-projective variety. A b-divisor M over
X is a collection of R-divisors MY on Y for each birational morphism Y → X that
are compatible with respect to pushdown, that is, if Y ′ → X is another birational
morphism and ψ : Y ′ 99K Y is a morphism, then ψ∗MY ′ = MY .

A b-divisor M is b-R-Cartier if there is a birational morphism Y → X such that
MY is R-Cartier and MY ′ is the pullback of MY on Y ′ for any birational morphism
Y ′ → Y . In this case, we say that M descends to Y , and it is represented by MY ,
we write M = MY .

A b-R-Cartier R-divisor M represented by MY for some birational model Y → X
is b-nef if MY is nef. Similarly, M is b-nef and big if MY is nef and big.

Definition 2.3 (Discrepancy b-divisors). The discrepancy b-divisor A = A(X,B)
of a sub-pair (X,B) is the b-R-divisor of X with the trace AY =

∑
aiAi defined by

the formula
KY = f ∗(KX +B) +AY ,

where f : Y → X is a proper birational morphism of normal quasi-projective vari-
eties. Similarly, we define A∗ = A∗(X,B) by

A∗
Y =

∑
ai>−1

aiAi.

Note that A(X,B) = A∗(X,B) when (X,B) is sub-klt. By the definition, we have
OX(⌈A∗(X,B)⌉) ≃ OX if (X,B) is lc. We also have OX(⌈A(X,B)⌉) ≃ OX when
(X,B) is klt.

2.5. Generalized pairs and singularities. A generalized sub-pair (X,B,M)/Z
consists of:

(1) a normal quasi-projective variety X equipped with a projective morphism
X → Z,

(2) an R-divisor B on X, and
(3) a b-R-Cartier b-divisor M over X, represented by a projective birational

morphism f : X ′ → X and an R-Cartier R-divisor MX′ on X ′ such that
MX′ is nef over Z and KX +B +MX is R-Cartier.

When Z is a point, we omit it and say that the pair is quasi-projective, in which
case we also say that (X,B,M) is a generalized sub-pair with nef part M. If, in
addition, B ≥ 0, then (X,B,M) is a generalized pair.

Let D be a prime divisor over X. Replace X ′ with a log resolution of (X,B) such
that D is a prime divisor on X ′. We can write

KX′ +B′ +MX′ = π∗(KX +B +MX).

Then the generalized log discrepancy of D is defined as

a(D,X,B,M) = 1−multD B
′.

We say that (X,B,M) is sub-klt (resp. sub-lc, sub-ϵ-lc) if a(D,X,B,M) > 0
(resp. a(D,X,B,M) ≥ 0, a(D,X,B,M) ≥ ϵ) for every prime divisor D over X. If
(X,B,M) is a generalized pair, we remove the prefix “sub” and say the generalized
pair is klt (resp. lc, ϵ-lc).
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2.6. Canonical bundle formula.

Definition 2.4. An lc-trivial fibration (resp. klt-trivial fibration) f : (X,B) → Z
consists of a projective surjective morphism f : X → Z with connected fibers
between normal quasi-projective varieties and a pair (X,B) satisfying the following
properties:

(1) (X, B) is sub-lc (resp. sub-klt) over the generic point of Z,
(2) rank f∗OX(⌈A∗(X,B)⌉) = 1, and
(3) there exists an R-Cartier R-divisor LZ on Z such that

KX +B ∼R f
∗LZ .

In [Amb04,Amb05], klt-trivial fibrations as in Definition 2.4 are called lc-trivial
fibrations.

Let f : (X,B) → Z be an lc-trivial fibration such that dimZ > 0. Fix a prime
divisor D on Z and let tD be the lc threshold of f ∗D with respect to (X,B) over
the generic point of D. Now let BZ :=

∑
(1 − tD)D, where the sum runs over all

the prime divisors on Z. Let MZ := LZ − (KZ +BZ). Then we have

KX +B ∼R f
∗(KZ +BZ +MZ).

We call BZ the discriminant R-divisor and MZ the moduli R-divisor of adjunction.
Note that BZ is uniquely determined but MZ is determined only up to R-linear
equivalence.

Now let ϕ : X ′ → X and ψ : Z ′ → Z be birational morphisms from normal quasi-
projective varieties, and assume that the induced map f ′ : X ′ 99K Z ′ is a morphism.
Let KX′ + B′ be the pullback of KX + B on X ′, and let LZ′ = ψ∗LZ . Then
f ′ : (X ′, B′) → Z ′ is an lc-trivial fibration, and we can define a discriminant R-
divisor BZ′ and a moduli R-divisor MZ′ on Z ′ such that

KX′ +B′ ∼R f
′∗(KZ′ +BZ′ +MZ′),

withBZ = ψ∗BZ′ andMZ = ψ∗MZ′ . In particular, the lc-trivial fibration f : (X,B) →
Z induces b-R-divisors B and M on Z, called respectively the discriminant and the
moduli b-R-divisors.

Theorem 2.5 ([Amb04, FG14,Hu20]). With the above notation and assumptions,
suppose that (X,B) is lc over the generic point of Z. Then there exists a proper
birational morphism Z ′ → Z from a normal quasi-projective variety such that MZ′

is nef, and MZ′′ = ν∗MZ′ for any proper birational morphism ν : Z ′′ → Z ′. In
particular, we can view (Z,BZ ,M) as a generalized pair.

Proposition 2.6 ([Amb05, Proposition 3.1]). Let f : (X,B) → Z be a klt-trivial
fibration over a proper normal variety Z. Let τ : Z ′ → Z be a surjective morphism
from a proper normal variety Z ′, let X ′ be the normalization of the main component
of X×ZZ

′, and let B′ be the divisor on X ′ such that KX′ +B′ = τ ∗X(KX+B). Then
we say that f ′ : (X ′, B′) → Z ′ is the klt-trivial fibration induced by base change. Let
M and M′ be the corresponding moduli b-divisors of f and f ′ respectively. Then we
have

τ ∗M = M′.
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Theorem 2.7 ([Amb05]). Let f : (X,B) → Z be a klt-trivial fibration over a
normal projective variety Z such that B is a Q-divisor. Suppose that the geometric
generic fiber Xη = X×Z Spec k(Z) is projective and Bη is effective. Then there exist
non-singular projective varieties Z, T and V , and a commutative diagram

(X,B)

f

��

(XT , BT )

fT
��

Z

γ

33Z
τ

oo
ρ

// T

i

uu π
// V

such that

(1) fT : (XT , BT ) → T is a klt-trivial fibration,
(2) τ is generically finite and surjective, and ρ is surjective,
(3) there exists a nonempty open subset U ⊂ Z and an isomorphism

(X,B)×Z U ∼=
//

%%

(XT , BT )×T U

xx
U,

(4) let M, N be the corresponding moduli b-divisors of f and fT , then N is
b-nef and big, and τ ∗M = ρ∗N,

(5) π is generically finite and surjective, Φ : Z 99K V is bimeromorphic to the
period map defined in [Amb05, Proposition 2.1], and

(6) i : T 99K Z is a rational map such that fT : (XT , BT ) → T is equal to the
pullback of f : (X,B) → Z via i over some open subset of T .

Proof. The assertions (1)–(4) are stated in [Amb05, Theorem 3.3], while (5) and (6)
can be derived from the proof of [Amb05, Theorem 2.2]. Indeed, by the algebraiza-
tion theorem in [Kaw83, Theorem 11], the period map defined in [Amb05, Propo-
sition 2.1] is bimeromorphic to a morphism γo : Zo → V o from a non-empty open
subset of Z to a non-singular quasi-projective variety V o. Let T o → V o be a generi-
cally finite surjective morphism from a non-singular quasi-projective variety T o such
that if Z

o
is the main part of Zo ×V o T o, then the induced morphism ρo : Z

o → T o

has a section α. By base change via the section io : T o
α−→ Z

o τo−→ Zo, we induce a
family fT o : (XT o , BT o) → T o. After replacing Z

o
and T o by generically finite covers

from non-singular quasi-projective varieties, we have an isomorphism of pairs over
Z
o

(X,B)×Z Z
o ∼−→ (XT o , BT o)×T o Z

o
.

Let Z, T and V be non-singular projective compactifications of Z
o
, T o and V o

respectively, and let (XT , BT ) be a normal projective compactification of (XT o , BT o)
so that fT o induces a klt-trivial fibration fT : (XT , BT ) → T . Then (5) and (6) are
satisfied. □



14 XIAOWEI JIANG, JUNPENG JIAO, MINZHE ZHU

2.7. Finite covers.

Proposition 2.8. Let f : (X,B) → Z be a projective isotrivial fibration between
normal quasi-projective varieties with general fiber (F,BF ). Assume that there exists
a Galois cover Z ′ → Z with Galois group G such that

(X,B) ∼=
(
(F,BF )× Z ′)/G,

where G acts on (F,BF ) × Z ′ and the action is G-equivariant with respect to the
projection (F,BF )×Z ′ → Z ′. Assume further that (F,BF ) is klt and that κ(F,KF +
BF ) ≥ 0.

Then there exists another Galois cover Z̃ → Z with the Galois group H such that

(X̃, B̃) := (X,B)×Z Z̃ ∼= (F,BF )× Z̃.

Moreover,

(X,B) ≃
(
(F,BF )× Z̃

)
/H,

where H acts diagonally on (F,BF )× Z̃, that is, there exists a homomorphism

ρF : H → Aut(F,BF ) := {σ ∈ Aut(F ) | σ∗BF = BF}
such that for every h ∈ H,

h · ((f, b), z̃) =
(
ρF (h) · (f, b), h · z̃

)
,

for all (f, b) ∈ (F,BF ) and z̃ ∈ Z̃.

Remark 2.9. One may replace H by the quotient H/ ker(ρF ) and replace Z̃ by the
corresponding Galois cover, so that the induced action on (F,BF ) becomes faithful.

However, we do not require this, since in applications we frequently replace Z̃ by
further Galois covers.

Proof. We follow the argument of [Kol15, Theorem 43].
Since f : (X,B) → Z becomes a product family after the Galois cover Z ′ → Z,

we have
Im

(
G→ Aut(F,BF )

)
= Im

(
π1(Z) → Aut(F,BF )

)
.

Consider the discrete part of the monodromy representation

ρd : π1(Z) → Aut(F,BF )/Aut
0(F,BF ),

where Aut0(F,BF ) is the connected component of Aut(F,BF ) containing the iden-
tity. Then

Hd := Im
(
ρd
)
= Im

(
G→ Aut(F,BF )/Aut

0(F,BF )
)

is a finite group. Let Zd → Z be the corresponding Galois cover with Galois group
Hd.

The trivialization of the translation part Aut0(F,BF ) is more subtle and it de-
pends on additional choices.

Since (F,BF ) is klt and κ(F,KF +BF ) ≥ 0, the group Aut0(F,BF ) is an abelian
variety by [Amb05, Proposition 4.6]. A general Aut0(F,BF )-orbit AF ⊂ F defines
an isotrivial abelian family

Xd ⊃ Ad → Zd.
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By assumption, there exists an f -ample line bundle L onX, whose pullback defines a
relatively ample line bundle LAd on Ad. We may assume that the degreem of LAd on
the general fiber is at least 3. By [Kol15, Remark 44], there exists a closed subscheme
T d ⊂ Ad such that T d → Zd is étale and every fiber T dF ⊂ AF is a translate of the
subgroup of m-torsion points. Since LAd is Hd-invariant, the morphism T d → Zd is
Hd-equivariant, hence it defines a monodromy representation

π1(Z
d) → Aut0(F,BF ).

Let Γ ⊂ π1(Z
d) be a finite-index subgroup that is normal in π1(Z), and let Z̃ → Z

be the corresponding Galois cover with Galois group H := π1(Z)/Γ.

By pullback, we obtain an isotrivial abelian fibration Ã→ Z̃ with a trivialization
of the m-torsion points. For m ≥ 3, by [ACG11, p. 513, Lemma 2.9], we have

Ã ≃ AF × Z̃. Consequently, the same pullback also trivializes the fibration

(X̃, B̃) ∼= (F,BF )× Z̃ → Z̃.

The H-action on (X̃, B̃) ∼= (F,BF )× Z̃ is given by

h : ((f, b), z̃) 7−→
(
ρF,z̃(h) · (f, b), h · z̃

)
,

where ρF,z̃ : H → Aut(F,BF ). Note that ρF,z̃ preserves the m-torsion points, and
that the automorphisms of an abelian torsor (abelian variety without a specified
origin) preserving a finite nonempty set form a discrete group. It follows that ρF,z̃
is in fact independent of z̃. Hence the H-action on (X̃, B̃) can be written as

h : ((f, b), z̃) 7−→
(
ρF (h) · (f, b), h · z̃

)
.

□

The following lemma allows us to modify a generically finite cover into a finite
cover.

Lemma 2.10. Let π : T → V be a generically finite cover between normal projec-
tive varieties. Then there exists a generically finite cover S! → T from a smooth
projective variety S! and a birational map S∗ 99K V from a projective variety S∗

such that S! → S∗ is a finite cover.

Proof. Let S ′ → T be a finite cover such that S ′ → V is Galois over an open subset
of V with Galois group G. Let S ′′ be the closure of V in K(S ′). Then S ′′ 99K S ′ is
birational and V = S ′′/G.

Let S! → S ′′ be a G-equivariant resolution such that S! → S ′ is a morphism, and
let S∗ be the quotient of S! by G. Then, the map S∗ 99K V is birational, S! → T is
a generically finite surjective morphism, and S! → S∗ is a finite cover.

S ′

��

S ′′

��

oo S!

��

oo
vv

T
π
// V S∗oo

□
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The following lemma shows that relative Q-linear triviality can descend under
finite covers.

Lemma 2.11. Assume that

(1) f : X → Z is a contraction between two normal projective varieties,
(2) D is a Q-Cartier Q-divisor on X,
(3) µ : Z ′ → Z is a finite cover,
(4) X ′ is the normalization of X ×Z Z

′, and
(5) denote the induced finite cover X ′ → X by π and the induced contraction

X ′ → Z ′ by f ′.

X ′ π
//

f ′

��

X

f
��

Z ′ µ
// Z

If π∗D ∼Q,Z′ 0, then D ∼Q,Z 0.

Proof. Replacing Z ′ with a finite cover and replacing X ′ accordingly, we can assume
that µ : Z ′ → Z is a Galois cover with Galois group G. Then G acts on X ′ by
base change, hence π : X ′ → X is also a Galois cover. Since π∗D ∼Q,Z′ 0, there is
a Q-Cartier Q-divisor L′ on Z ′ such that π∗D ∼Q f

′∗L′. Since π∗D is G-invariant,
replacing L′ with 1

|G|
∑

g∈G g
∗L′, we can assume that L′ is G-invariant. Therefore,

there exists a Q-Cartier Q-divisor L on Z such that L′ = µ∗L. Then π∗D ∼Q f
′∗µ∗L,

hence D ∼Q f
∗L and we finish the proof. □

2.8. Locally stable family.

Definition 2.12 (Relative Mumford divisor). Let f : X → Z be a flat finite type
morphism with S2 fibers of pure dimension d. A subscheme D ⊂ X is a relative
Mumford divisor if there is an open set U ⊂ X such that

(1) codimXz(Xz \ Uz) ≥ 2 for each z ∈ Z,
(2) D|U is a relative Cartier divisor,
(3) D is the closure of D|U , and
(4) Xz is smooth at the generic points of Dz for every z ∈ Z.

By D|U being relative Cartier we mean that D|U is a Cartier divisor on U and
that its support does not contain any irreducible component of any fiber Uz.
If D ⊂ X is a relative Mumford divisor for f : X → Z and T → Z is a morphism,

then the divisorial pullback DT on XT := X ×Z T is the relative Mumford divisor
defined to be the closure of the pullback of D|U to UT . In particular, for each z ∈ Z,
we define Dz = D|Xz to be the closure of D|Uz which is the divisorial pullback of D
to Xz.

Definition 2.13 (Locally stable family). A locally stable family of slc pairs (X,B) →
Z over a reduced Noetherian scheme Z is a flat finite type morphism X → Z with
S2 fibers and a Q-divisor B on X satisfying

(1) each prime component of B is a relative Mumford divisor,
(2) KX/Z +B is Q-Cartier, and
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(3) (Xz, Bz) is an slc pair for any point z ∈ Z.

Slc pairs naturally appear in the degeneration of lc pairs. For background on slc
singularities, see [Kol13, §5].

Given a morphism T → Z of reduced schemes, we get the induced locally stable
family (XT , BT ) → T where XT = X×Z T and BT is defined by divisorial pullback.

Definition 2.14 (Hodge line bundle). If f : (X,B) → Z is a locally stable family
of pairs such that N(KX/Z +B) ∼Z 0, we set

λHodge,f,N := f∗OX(N(KX/Z +B)).

Proposition 2.15. Let f : (X,B) → Z be a locally stable family of pairs such that
N(KX/Z +B) ∼Z 0. Then we have the following statements:

(1) λHodge,f,N is the unique line bundle (up to isomorphism) satisfying

OX(N(KX/Z +B)) ∼= f ∗λHodge,f,N .

(2) If φ : Z ′ → Z is a morphism and f ′ : (X ′, B′) → Z ′ denotes the pullback of
(X,B) → Z by φ, then there is a canonical isomorphism

φ∗λHodge,f,N
∼−→ λHodge,f ′,N .

(3) If Z is smooth and the generic fiber of X → Z is normal, then f : (X,B) →
Z is an lc-trivial fibration with OZ(NMZ) ∼= λHodge,f,N , and the moduli b-
divisor M of f descends on Z.

Proof. This is [ABB+23, Proposition 14.7]. While the proposition is stated only for
families of boundary polarized Calabi–Yau pairs, their proof also applies to families
of general Calabi–Yau pairs. □

We need the following lemma about numerically trivial divisors in a flat family.

Lemma 2.16. Let f : X → S be a projective flat morphism with integral fibers and
of relative dimension d, and let L be a flat family of divisors over S. If there exists
a point 0 ∈ S such that L0 ≡ 0, then Ls ≡ 0 for all s ∈ S.

Proof. Let H be a relatively very ample line bundle on X. Take a closed point s on
S. Choose m≫ 0 such that

χ(Xs, n(mHs + Ls)) = h0(Xs, n(mHs + Ls)) for n ≥ 1.

Since L is flat over S, it follows that

χ(Xs, n(mHs + Ls)) = χ(X0, n(mH0 + L0)).

Therefore, we have

h0(Xs, n(mHs + Ls)) = h0(X0, n(mH0 + L0)).

From the leading term in the polynomial expansion in n, we obtain

(mHs + Ls)
d = (mH0 + L0)

d.

Similarly, we have
(mHs)

d = (mH0)
d.
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Since L0 ≡ 0, it follows that

(mHs + Ls)
d = (mHs)

d.

Expanding the left-hand side and canceling the dominant terms, we obtain

Hd−1
s · Ls = Hd−2

s · L2
s = 0.

Restricting to a surface by taking general hyperplane sections and applying the
Hodge index theorem, we conclude that Ls ≡ 0. □

2.9. Bounded families of pairs and morphisms. We say that a collection of log
pairs P is log birationally bounded (resp., log bounded, or log bounded in codimension
one) if there is a quasi-projective scheme X , a reduced divisor E on X , and a
projective morphism h : X → T , where T is of finite type and E does not contain
any fiber, such that for every (X,B) ∈ P , there is a closed point t ∈ T and a
birational map f : Xt 99K X (resp. isomorphic, or isomorphic in codimension one)
such that Et contains the support of f−1

∗ B and any f -exceptional divisor (resp. Et
coincides with the support of f−1

∗ B, or Et coincides with the support of f−1
∗ B).

We say that a collection of morphisms F is bounded if there exist quasi-projective

schemes X ,Z, and projective morphisms X ϕ−→ Z → T , where T is of finite type,
such that for every morphism X → Z in F , there is a closed point t ∈ T such that
Xt → Zt is isomorphic to X → Z.

3. Polarized log Calabi–Yau fibrations: finite coefficients

In this section, we consider the boundedness of weak polarized log Calabi–Yau
fibrations f : ((X,B), A) → (Z,H) such that the coefficients of B belong to a finite
set Φ. We will prove the following more general form of Theorem 1.4.

Theorem 3.1. Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1] ∩ Q be a finite set. Then
there exists a positive integer l and a bounded set of couples P depending only on
d,Φ, v, r, ϵ satisfying the following.

Assume that f : ((X,B), A) → (Z,H) is a weak (d,Φ, v, r, ϵ)-polarized log Calabi–
Yau fibration, and HZ ≥ 0 is a general element of |6dH|. Then there exists a couple
(V,Θ) and an effective integral divisor J on V such that

(1) there is a contraction h : V → Z and V is Q-factorial,
(2) V 99K X/Z is an isomorphism in codimension one,
(3) (V,Θ+ Supp(J)) belongs to P,
(4) Θ contains h∗HZ and the strict transform of B, and
(5) J ≡ lAV over the generic point of Z, where AV is the strict transform of A

on V .

Lemma 3.2. Assume that Theorem 3.1 holds when A is an effective integral divisor
and vol(A|F ) = v for some fixed v ∈ Q>0, where F is the general fiber of f : X → Z.
Then the theorem holds in general.

Proof. If (F,BF ) is the general fiber of f : (X,B) → Z and AF := A|F , then by
[Bir23a, Theorem 1.3], there exists a positive integer m depending only on dimF
and ϵ such that H0(F,OX(mA|F )) ̸= 0. By upper-semicontinuity of cohomology
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and [BCHM10, Lemma 3.2.1], mA ∼Z G for some effective integral divisor G on X.
Replacing A and v with G and mdimFv respectively, we may assume that A ≥ 0.
Moreover, by [Bir23a, Corollary 1.6], the pair (F, Supp(BF + AF )) belongs to a log
bounded family. Hence, we can assume that vol(AF ) is fixed. □

From now until the end of this section, we will assume that A is an effective
integral divisor and that vol(A|F ) = v for some fixed v ∈ Q>0.

3.1. Family of polarized log Calabi–Yau pairs.

Definition 3.3. ([Bir22,Bir23a]) Let d ∈ N, v ∈ Q>0, and Φ ⊂ [0, 1]∩Q be a finite
set. A (d,Φ, v)-polarized log Calabi–Yau pair ((X,B), A) is defined by the data:

(1) (X,B) is projective slc pair of dimension d with KX +B ∼Q 0,
(2) the coefficients of B are in Φ,
(3) A ≥ 0 is an ample integral divisor with volume vol(A) = v,
(4) (X,B + tA) is slc for some t ∈ Q>0.

If (X,B) is klt, then ((X,B), A) is called a klt (d,Φ, v)-polarized log Calabi–Yau
pair.

Given a weak (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibration f : ((X,B), A) →
(Z,H), it follows that the general fiber ((F,BF ), AF ) of f is a klt (dimF,Φ, v)-
polarized log Calabi–Yau pair, hence it is bounded by [Bir23a, Corollary 1.6].

In the following theorem, we use the moduli theory for polarized log Calabi–
Yau pairs [Bir22] to construct a locally stable family of polarized log Calabi–Yau
pairs fS : ((X ,B),A) → S such that, over an open subset of Z, the fibration
f : ((X,B), A) → Z is obtained as the pullback of fS . We then apply [Amb05] to fS
to produce a new family fS! : (X !,B!) → S ! of maximal variation. As a consequence,
the moduli b-divisor M! of fS! descends to a nef and big divisor MS! on S !, which
plays a crucial role in establishing the boundedness of the moduli map in Theorem
3.5. A key step in the proof of Theorem 3.4 is the construction of a new polarization
L on X induced from X !, such that Ls ≡ mAs for some bounded integer m ∈ N and
all s ∈ S. This construction allows us to prove the boundedness of the log canonical
volume of a certain log general type pair in Theorem 3.8, and it is also essential for
the proof of Theorem 1.7. Finally, we establish several auxiliary results that will be
used in later subsections.

Theorem 3.4. Let d ∈ N, v ∈ Q>0, and Φ ⊂ [0, 1] ∩ Q be a finite set. Let
f : (X,B) → Z be a klt-trivial fibration, and let A be an effective integral divisor on
X. Assume that the general fiber ((F,BF ), AF ) of f is a klt (d,Φ, v)-polarized log
Calabi–Yau pair. Then there exists a commutative diagram

((X,B), A)

f

��

((XU , BU), AU)

fU

��

? _oo // ((X ,B),A,L)

fS

��

X ρX
//

τX
oo

��

((X !,B!),L!)

fS!

��

Z U
ϕ

//? _oo S

γ ..

S ρ
//

τ
oo oo (S !,M!)

π

��

(S∗,H)
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satisfying the following:

(1) S, S, and S ! are smooth schemes.
(2) S ! and S∗ are projective schemes.
(3) τ : S → S is finite, π : S ! → S∗ is generically finite, ρ : S → S ! is dominant,

and γ : S → S∗ is a morphism.
(4) The generic fiber of the base change of (X ,B) → S to S is isomorphic to the

generic fiber of the base change of (X !,B!) → S ! to S.
(5) X is a common resolution of the main components of X ×S S and X ! ×S! S.
(6) There exist Q-Cartier integral divisors A and L on X , and a Q-Cartier

integral divisor L! on X !, such that for some m ∈ N, depending only on
(d,Φ, v), the following hold:

• Ls ≡ mAs for all s ∈ S, and
• τ ∗XL = ρ∗XL!.

(7) The morphisms (X ,B + αL) → S and (X !,B! + αL!) → S ! are locally stable
for some α ∈ Q>0 depending only on (d,Φ, v).

(8) There exists a very ample divisor H ≥ 0 on S∗ such that
• the morphism π is étale and Galois over S∗ \ Supp(H), and
• every fiber of ((X !,B!),L!) → S ! over S !\Supp(π∗H) is a klt (d,Φ,mdv)-
polarized log Calabi–Yau pair.

(9) The moduli b-divisor M! of (X !,B!) → S ! descends to S !. Moreover, there
exists an effective divisor M! ∼Q M!

S! such that lM! is Cartier and lM! ≥
π∗H for some l ∈ N depending only on (d,Φ, v).

(10) There exists an open subset U ⊂ Z and a morphism ϕ : U → S such that
((XU , BU), AU) → U is isomorphic to the base change of ((X ,B),A) → S
via ϕ.

(11) If the composition γ ◦ ϕ extends to a morphism ψ : Z → S∗, then

ψ(Z) ̸⊂ π(Supp(M!)).

Proof. Step 1. In this step, we construct a universal family ((X(1),B(1)),A(1)) →
S(1) parametrizing the general fibers of f : ((X,B), A) → Z.

By [Bir22, Lemma 10.2], there exists α ∈ Q>0 and r ∈ N, depending only on
(d,Φ, v), such that the following hold:

• (F,BF + αAF ) is klt for the general fiber ((F,BF ), AF ) of f , and
• r(KF +BF + αAF ) is very ample without higher cohomology.

Set n := h0
(
r(KF +BF +αAF )

)
−1. Then, r(KF +BF +αAF ) defines an embedding

F ↪→ Pn. Since r(KF +BF + αAF ) is very ample without higher cohomology, there
exists a non-empty open subset U ⊂ Z such that r(KXU

+ BU + αAU) defines an
embedding XU ↪→ PnU .

By [Bir22, Proposition 9.5], there exists a finite type scheme S(1) representing the
functor of strongly embedded (d,Φ1/c, v, α, r,Pn)-polarized log Calabi–Yau families
(see [Bir22, Definition 9.3]) over reduced schemes, where c ∈ N>0 satisfies cΦ ⊂ N.
After replacing S(1) by a suitable locally closed subscheme, we may assume that S(1)

parametrizes klt (d,Φ, v)-polarized log Calabi–Yau pairs. Let

((X(1) ⊂ PnS(1)
,B(1)),A(1)) → S(1)
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be the corresponding universal family. Then (X(1),B(1) + αA(1)) → S(1) is locally
stable and KX(1)

+ B(1) ∼Q,S(1)
0. Moreover, there exists a moduli map ϕ : U → S(1)

such that the restriction ((XU , BU), AU) → U is isomorphic to the pullback of the
universal family via ϕ.

Step 2. In this step, we apply Theorem 2.7 to the universal family obtained in
Step 1.

By applying Theorem 2.7 to a projective compactification of (X(1),B(1)) → S(1),

we have a non-singular quasi-projective variety S(1), non-singular projective varieties
T and V , and a commutative diagram

(X(1),B(1))

fS(1)

��

(XT ,BT )

fT

��

S(1)

γ

33S(1)
τ

oo
ρ

// T
i

tt π
// V ,

such that
• (XT ,BT ) → T is a klt-trivial fibration,
• τ : S(1) → S(1) and π : T → V are generically finite, surjective morphisms,

ρ : S(1) → T is a dominant morphism,

• there exists a nonempty open subset U ⊂ S(1) and an isomorphism

(X(1),B(1))×S(1)
U

∼=
//

''

(XT ,BT )×T U

xxU

• the moduli b-divisor of fT is b-nef and big,
• γ : S(1) 99K V is bimeromorphic to the period map defined in [Amb05, Propo-
sition 2.1], and

• i : T 99K S(1) is a generically finite rational map such that fT : (XT ,BT ) → T
is equal to the pullback of fS(1)

via i over some open subset of T .

Step 3. In this step, we shrink S(1) and construct a smooth projective variety S !

over which (X !,B!) → S ! is a locally stable family of maximal variation. Then, we
verify (1)–(4).

Let S(2) be an open subset of S(1) and S(2) be an open subset of U such that
• S(2) is smooth,
• γ is a morphism on S(2),

• S(2) → S(2) is a finite cover, and
• i|T o : T o → S(2) is a finite morphism for some open subset T o of T .

Let ((X(2),B(2)),A(2)) → S(2) be the corresponding base change. Then, the pullback
of (X(2),B(2) + αA(2)) → S(2) via i defines a locally stable morphism (XT o ,BT o +
αAT o) → T o.
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By [KX20, Lemma 4], there exists a generically finite cover T o → T o and a
compactification T o

↪→ S ! such that the pullback of (XT o ,BT o + αAT o) → T o on
T o

extends to a locally stable morphism (X !,B! + αA!) → S !.
By Lemma 2.10, after replacing S ! with a generically finite cover from a smooth

projective variety and (X !,B! + αA!) → S ! with the corresponding base change, we
may assume that there exists a birational map S∗ 99K V such that π : S ! → S∗ is
a finite cover. Replacing S(2) by an open subset and shrinking S(2) accordingly, we
may assume that γ : S(2) → S∗ is a morphism.

After replacing S(2) by a finite cover, we may assume that S(2) → S ! is a dominant
morphism. In this case, we have an isomorphism

(X(2),B(2))×S(2)
S(2)

∼= (X !,B!)×S! S(2).

Next, after replacing S(2) by another finite cover, we may assume that S(2) →
S(2) is a Galois cover with Galois group G. Replacing S(2) by an open subset and

shrinking S(2) accordingly, we may assume that S(2) → S(2) is an étale Galois cover.

Therefore, S(2) is smooth.

Step 4. In this step, we construct new polarizations L(2) and L! on X(2) and X !

respectively that satisfy (6).
Consider the following diagram:

X(2)

��

X(2) ×S(2)
S(2)

Ψ∼= X ! ×S! S(2)
τX
oo

ρX
//

��

X !

��

S(2)

γ

22S(2)
τ

oo
ρ

// S ! π
// S∗

Recall that S(2) → S(2) is an étale Galois cover with Galois group G. For each g ∈ G

acting on S(2), let

σ′
g : X(2) ×S(2)

S(2) −→ X(2) ×S(2)
S(2)

be the morphism induced by the base change idX(2)
×S(2)

g, and let

σg : X ! ×S! S(2) −→ X ! ×S! S(2)

be the morphism Ψ ◦σ′
g ◦Ψ−1. Then the action of G on X !×S! S(2) is G-equivariant

with respect to the projection X ! ×S! S(2) → S(2), and X ! ×S! S(2) → X(2) is also an
étale Galois cover with Galois group G. Let

L(2) :=
∑
g∈G

g∗ρ∗XA!,

then L(2) is G-invariant, and hence there exists an effective Q-Cartier integral divisor

L(2) on X(2) such that L(2) = τ ∗XL(2).

Denote by S !
(2) and S∗

(2) the images of S(2) in S ! and S∗, respectively, and let XS!
(2)

be the base change of X ! over S !
(2). Let v ∈ S∗

(2) be a closed point. Then π−1(v) is a
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finite set of points since π : S ! → S∗ is finite. Let s ∈ π−1(v) be a closed point. Set
S := γ−1(v) and S := τ−1(S). Let (Xs,Bs) → s, (XS,BS) → S, and (XS,BS) → S
be the families obtained by base change, where

(XS,BS) := (XS,BS)×S S
Ψ∼= (Xs,Bs)× S.

Now the group G acts on (Xs,Bs)×S, and this action is G-equivariant with respect
to the projection (Xs,Bs)× S → S.

By Proposition 2.8, there exists a Galois cover τ̃ : S̃ → S with Galois group H,
which also acts on Xs, such that

(XS̃,BS̃) := (XS,BS)×S S̃ ∼= (Xs,Bs)× S̃.

Moreover,

(XS,BS) ≃
(
(Xs,Bs)× S̃

)
/H,

where H acts diagonally on (Xs,Bs)× S̃. After replacing S̃ by a higher Galois cover,
we may assume that τ̃ factors through S. We have the following diagram:

(XS̃,BS̃)

��

π̃Xyy

ρ̃X

))

τ̃X

tt

(XS,BS)

��

(XS,BS)
τX
oo

ρX
//

��

⋃
s∈π−1(v)(Xs,Bs) =: (Xv,Bv)

��

S̃

π̃
xx

ρ̃

))

τ̃

ttS S
τ

oo
ρ

// π−1(v)

Denote A!
v := A!|Xv . Then, for each g ∈ G, there exists h ∈ H, which is a lift of g,

such that

π̃∗
Xg

∗ρ∗XA!
v = h∗π̃∗

Xρ
∗
XA!

v = h∗ρ̃∗XA!
v = ρ̃∗Xh

∗A!
v,

which is vertical over Xv via ρ̃X . Here the last equality follows from the fact that H

acts diagonally on (Xs,Bs)× S̃. Therefore, (π̃X )∗π̃
∗
Xg

∗ρ∗XA!
v is also vertical over Xv

via ρX . Hence,

L(2),v := L(2)|XS
=

∑
g∈G

g∗ρ∗XA!
v

is vertical over Xv via ρX . Since v can be any closed point of S∗
(2), it follows that

L(2) is vertical over XS!
(2)
. Let

S(2) −→ S !

(2) −→ S !
(2)

be the Stein factorization of ρ : S(2) → S !
(2). Replacing S !

(2) by S !

(2), we may as-

sume that ρ has connected fibers. After shrinking S !
(2), and then replacing XS!

(2)
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accordingly, we may assume that

ρX : X ! ×S! S(2) → XS!
(2)

is equidimensional with integral fibers. Therefore, there exists a divisor L!
(2) on XS!

(2)

such that L(2) = ρ∗XL!
(2). Let L! be the closure of L!

(2) on X !, then we have

τ ∗XL(2) = ρ∗XL!.

Note that i is a morphism on S !
(2), and let T be the preimage of i(S !

(2)) in S. Since
A! = i∗A(2), we have

ρ∗XA!|T = ρ∗X i
∗A(2)|T = τ ∗XA(2)|T .

By Lemma 2.16, it follows that

(ρ∗XA!)s ≡ (τ ∗XA(2))s for all s ∈ S(2).

Moreover, since τX is the quotient morphism by G, the divisor τ ∗XA(2) is G-invariant.
Hence,

τ ∗XA(2) =
1

|G|
∑
g∈G

g∗τ ∗XA(2).

Therefore, for any s ∈ S(2), we obtain

(τ ∗XL(2))s = (L(2))s ≡
(∑
g∈G

g∗ρ∗XA!

)
s

≡
(∑
g∈G

g∗τ ∗XA(2)

)
s

= |G|(τ ∗XA(2))s.

Since the morphism S(2) → S(2) is surjective, we conclude that

(L(2))s ≡ |G|(A(2))s for all s ∈ S(2).

Step 5. In this step, we verify (7)–(9).
By the construction in the previous step, the general fiber of ((X(2),B(2)),L(2)) →

S(2) is a (d,Φ, |G|dv)-polarized log Calabi–Yau pair. After replacing S(2) with an
open subset and decreasing α, we may assume that (X(2),B(2) + αL(2)) → S(2) is
locally stable. Applying [KX20, Lemma 4] to an open subset (S !)o ⊂ S ! over which
(X !,B! + αL!) → S ! is locally stable, and then replacing S(2) with a finite cover, we

may assume that (X !,B!+αL!) → S ! is locally stable and that S(2) → S ! is dominant.
In this process, we may have lost the local stability of (X !,B! + αA!) → S ! and the
finiteness of π : S ! → S∗; however, these properties will not be used later. Therefore,
(7) holds.

For (8), let H ≥ 0 be a very ample divisor on S∗. Because S ! → S∗ is generically
finite, π∗H is a big divisor on S !. Then we can choose H general such that

• π is étale and Galois over S∗ \ Supp(H), and
• every fiber of ((X !,B!),L!) → S ! over S ! \Supp(π∗H) is a klt (d,Φ, v)-polarized
log Calabi–Yau pair.
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Now, we address (9). Since S ! is smooth and (X !,B!) → S ! is locally stable of
maximal variation, by Proposition 2.15, the moduli b-divisor M! descends to a nef
and big divisor M!

S! on S !. We can choose a general member 0 ≤ M! ∈ |M!
S!|Q

such that lM! is Cartier and π∗H ≤ lM! for some l ∈ N depending only on (d,Φ, v).
Let S(3) be the open subset of S(2) such that γ−1(π(Supp(M!))) ∩ S(3) = ∅ and

S(3) be the preimage of S(3). Let ((X(3),B(3)),A(3),L(3)) → S(3) and X (3) → S(3) be
the corresponding base change.

Step 6. In this step, we construct S and verify (10) and (11).
Note that S(3) is an open subset of S(1), and the moduli map ϕ : U → S(1) ob-

tained in Step 1 may map into S(1\3) := S(1) \ S(3). Since the constructions in
Steps 2–5 depend only on the given family, they apply equally to the induced family
((X(1\3),B(1\3)),A(1\3)) → S(1\3) over the complement locus. By Noetherian induc-
tion, after repeating this process finitely many times, we obtain a locally closed
decomposition S =

⋃
Sj of S(1). Let Sj, S !

j, and S∗
j be the schemes constructed in

Steps 2–5 corresponding to Sj. Let S =
⋃
Sj, and replace S ! and S∗ by

⋃
S !
j and⋃

S∗
j , respectively. Then we obtain the following diagram:

((X ,B),A,L)

��

X ρX
//

τX
oo

��

((X !,B!),L!)

��

S
γ

22S ρ
//

τ
oooo S ! π

// S∗,

that satisfies the requirements (1)–(9), where X is the common resolution of the
main components of X ×S S and X ! ×S! S.

Recall that in Step 1, ((XU , BU), AU) → U is isomorphic to the pullback of
((X(1),B(1)),A(1)) → S(1) via the moduli map ϕ : U → S(1). After replacing U by
an open subset, we may assume that ϕ induces a morphism ϕ : U → S. Then
((XU , BU), AU) → U is isomorphic to the pullback of ((X ,B),A) → S via U → S.
Therefore, (10) follows.

Finally, we deal with (11). Suppose that γ ◦ϕ extends to a morphism ψ : Z → S∗.
By the construction of S(3), we have γ−1(π(Supp(M!))) = ∅. Since ψ|U factors
through S, we have ψ(Z) ̸⊂ π(Supp(M!)).

□

3.2. Boundedness of moduli map. In this subsection, we construct a birational
model (W,D) of Z such that (W,D) is log bounded and the map W 99K S∗ induced
by the moduli map Z 99K S∗ is a bounded morphism.

Theorem 3.5. Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1] ∩ Q be a finite set. Let
f : ((X,B), A) → (Z,H) be a weak (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibration.
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Let

((X,B), A) //

��

((X ,B),A,L)

��

X ρX
//

τX
oo

��

((X !,B!),L!)

��

(Z,H)
ϕ

// S
γ

22S ρ
//

τ
oooo (S !,M!)

π
// (S∗,H)

be the commutative diagram obtained in Theorem 3.4. Then there exists a birational
morphism h : W → Z from a normal projective variety W and a reduced divisor D
on W such that

(1) the induced rational map ψW : W 99K S∗ is a morphism,
(2) D ⊃ Supp(h−1

∗ BZ+E+ψ∗
WH), where BZ is the discriminant Q-divisor with

respect to f : (X,B) → Z, and E is the sum of reduced exceptional divisors
of h, and

(3) KW +D − h∗H is big.

Moreover, the set of such pairs (W,D) is log bounded, and the morphism ψW : W →
S∗ is bounded.

Proof. Step 1. In this step, we construct a birational model W of Z such that
W 99K Z and W 99K S∗ are morphisms.

Since the coefficients of B belong to the finite set Φ, by [BH22, Lemma 6.7], there
exists q ∈ N and δ ∈ Q>0 depending only on d,Φ, v, ϵ, such that we can write the
canonical bundle formula

q(KX +B) ∼ qf ∗(KZ +BZ +MZ)

such that (Z,BZ ,M) is a δ-lc generalized pair, qBZ is integral, and qMZ′ is Cartier,
where MZ′ is the moduli divisor on any sufficiently high resolution Z ′ → Z. In
particular, the coefficients of BZ belong to a fixed finite set I. Replacing I by
I ∪ {1− δ

2
}, we may assume that 1− δ

2
∈ I.

Let g : Z ′ → Z be a log resolution of (Z,BZ) such that the moduli b-divisor M
of f descends to Z ′, and the rational map γ ◦ ϕ : Z 99K S∗ extends to a morphism
ψ′ : Z ′ → S∗. In particular, MZ′ is nef. Define

BZ′ := g−1
∗ BZ + (1− δ

2
)EZ′ ,

where EZ′ is the sum of all reduced g-exceptional divisors. Since (Z,BZ ,M) is δ-lc,
it follows that

KZ′ +BZ′ +MZ′ − g∗(KZ +BZ +MZ)

is effective and has the same support as EZ′ . Moreover, the coefficients of BZ′ belong
to the finite set I.

By the boundedness of the length of extremal rays, KZ + BZ + MZ + 3dH is
ample. Since

KZ′ +BZ′ +MZ′ − g∗(KZ +BZ +MZ)

is effective, it follows that

KZ′ +BZ′ +MZ′ + 3dg∗H + 3dψ′∗H
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is big. Consider (Z ′, BZ′ ,M+ 3dg∗H + 3dψ′∗H) as a δ
2
-lc generalized pair with nef

part M+ 3dg∗H + 3dψ′∗H. By [BZ16, Lemma 4.4], the divisor

KZ′ +BZ′ +MZ′ + 3dg∗H + 3dψ′∗H
admits a generalized log canonical model Z ′ 99K W . In particular, the birational
map Z ′ 99K W does not extract any divisor. Since d ≥ dimZ ′, the boundedness of
the length of extremal rays ensures that the birational map Z ′ 99K W is automati-
cally over both Z and S∗, inducing morphisms h : W → Z and ψW : W → S∗. Let
BW be the pushforward of BZ′ . Then

Supp(BW ) ⊃ Supp(h−1
∗ BZ + E),

where E is the sum of reduced exceptional divisors of h.

Z

��

πZ′
//

ψ ��

Z ′
g
//

((

ψ′
  

Z

ψ

��

W
h

oo

ψW~~

S // S !
π
// S∗

Step 2. In this step, we show that lMZ′ −ψ′∗H is pseudo-effective for some l ∈ N
depending only on (d,Φ, v).

Let πZ′ : Z → Z ′ be a generically finite cover from a smooth variety Z such that
• ψ′ : Z ′ → S∗ lifts to a morphism ψ : Z → S ! which factors through S, and
• the generic fiber of (X,B) ×Z Z → Z is isomorphic to the generic fiber of
(X !,B!)×S! Z → Z.

Since (X !,B!) → S ! is locally stable over the smooth base S !, the morphism

(X !,B!)×S! Z → Z

is also locally stable over the smooth base Z. By parts (2) and (3) of Proposition
2.15, the moduli b-divisor M of (X !,B!)×S! Z → Z descends to Z and satisfies

ψ
∗M! ∼Q MZ .

Let M̃ be the moduli b-divisor of (X,B) ×Z Z → Z. Since the generic fiber of
(X,B)×Z Z → Z is isomorphic to the generic fiber of (X !,B!)×S! Z → Z, it follows

from [Bir19, Lemma 3.5] that M̃Z ≃ MZ . We may still denote the moduli b-divisor
of (X,B)×Z Z → Z by M without confusion, and it descends to Z.

Since πZ′ : Z → Z ′ is a generically finite cover and M descends to Z ′, it follows
from Proposition 2.6 that

MZ ∼Q π
∗
Z′MZ′ .

By parts (9) and (11) of Theorem 3.4, there exists l ∈ N depending only on (d,Φ, v)
such that

π∗H ≤ lM!,

and ψ′(Z ′) ̸⊂ π(Supp(M!)). Then, we obtain

π∗
Z′lMZ′ ∼Q lMZ ∼Q ψ

∗
lM! ≥ ψ

∗
π∗H ∼Q π

∗
Z′ψ′∗H.

Therefore, lMZ′ − ψ′∗H is pseudo-effective.
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Step 3. In this step, we show that vol(KW + BW + MW + 3dh∗H + 3dψ∗
WH) is

bounded from above.
Since Z ′ 99K W is the generalized log canonical model of

KZ′ +BZ′ +MZ′ + 3dg∗H + 3dψ′∗H,
and lMZ′ − ψ′∗H is pseudo-effective by Step 2, we have

vol(KW +BW +MW + 3dh∗H + 3dψ∗
WH)

≤ vol(KZ′ +BZ′ +MZ′ + 3dg∗H + 3dψ′∗H)

≤ vol(KZ′ +BZ′ + (3dl + 1)MZ′ + 3dg∗H).

(3.1)

By Step 1, qMZ′ is Cartier. Hence, replacing l with ql, we may assume that

l(MZ′ + 3dg∗H)

is Cartier.
Since the coefficients of BZ′ belong to the finite set I, by [BZ16, Theorem 8.1],

there exists e ∈ (0, 1) depending only on d, I, l such that

KZ′ +BZ′ + eMZ′ + 3dg∗H

is big. Choose λ ∈ (0, 1) such that

λe+ (1− λ)(3dl + 1) = 1.

Then, we have

λ(KZ′ +BZ′ + eMZ′ + 3dg∗H)

+(1− λ)(KZ′ +BZ′ + (3dl + 1)MZ′ + 3dg∗H)

=KZ′ +BZ′ +MZ′ + 3dg∗H.

Thus, we obtain

vol(KZ′ +BZ′ + (3dl + 1)MZ′ + 3dg∗H)

≤ 1

(1− λ)d
vol(KZ′ +BZ′ +MZ′ + 3dg∗H).

(3.2)

By the definition of the weak polarized log Calabi–Yau fibration, H− (KZ+BZ+
MZ) is pseudo-effective. Since

KZ′ +BZ′ +MZ′ − g∗(KZ +BZ +MZ)

is effective and exceptional over Z, and dimZ ≤ d, we have

vol(KZ′ +BZ′ +MZ′ + 3dg∗H)

= vol(KZ +BZ +MZ + 3dH)

≤(3d+ 1)dHdimZ

≤(3d+ 1)dr.

(3.3)

Combining equations (3.1)–(3.3), we conclude that

vol(KW +BW +MW + 3dh∗H + 3dψ∗
WH) ≤ (3d+ 1)d

(1− λ)d
r.
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Step 4. In this step, we show that W belongs to a bounded family. Moreover, the
morphism ψW : W → S∗ is also bounded.

Since Z ′ is smooth and M descends to Z ′, after replacing Z ′ with a higher model
so that Z ′ → W is a morphism, (W,BW ,MW+3dh∗H+3dψ∗

WH) is a δ
2
-lc generalized

pair with nef part M+ 3dg∗H + 3dψ′∗H, satisfying the following conditions:
• The coefficients of BW belong to the finite set I,
• l(MZ′ + 3dg∗H + 3dψ′∗H) is Cartier, and
• KW +BW +MW + 3dh∗H + 3dψ∗

WH is ample with bounded volume,
it follows from [BH22, Lemma 6.6] that (W,BW ,M + 3dh∗H + 3dψ∗

WH) is log
bounded. In particular, there exists m ∈ N depending only on d,Φ, v, ϵ, r such
that

HW := m(KW +BW +MW + 3dh∗H + 3dψ∗
WH)

is very ample and vol(HW ) is bounded from above.
Let ΓψW

⊂ W × S∗ be the graph of the morphism ψW : W → S∗. Since HW and
H are very ample, the product W × S∗ can be embedded into a projective space
via the Segre embedding PN1 × PN2 ⊂ PN . Moreover, the restriction of OPN (1) to
ΓψW

∼= W is given by HW + ψ∗
WH. Note that

vol(HW + ψ∗
WH) = vol

(
m(KW +BW +MW + 3dh∗H) + (3dm+ 1)ψ∗

WH
)

≤ vol
(
(m+ 1)(KW +BW +MW + 3dh∗H) + (3dm+ 1)ψ∗

WH
)

≤ vol
(
(m+ 1)

(
KW +BW +MW + 3dh∗H + 3dψ∗

WH
))
,

which is bounded from above by Step 3. The first inequality follows from the fact
that KW +BW +MW + 3dh∗H is big (see Step 1). Consequently, ΓψW

is bounded.
Since every morphism ψW : W → S∗ is determined by its graph ΓψW

, it follows that
the morphism ψW : W → S∗ is bounded.

Step 5. In this step, we define a reduced divisor D on W and conclude the proof.
Since h∗H and ψ∗

WH are base point free, it follows that 3d(HW +h∗H +ψ∗
WH) is

very ample. We can find a general reduced divisor

0 ≤ D ∈ |3d(HW + h∗H + ψ∗
WH)|

such that D contains the support of h−1
∗ BZ +E + ψ∗

WH, where E is the sum of the
reduced exceptional divisors of h. Moreover, by the boundedness of the length of
extremal rays, the divisor KW +D − h∗H is big.

Let d′ = dimW , by [HMX13, Lemma 3.2], we have

((4d′ + 2)HW )d
′−1 ·D ≤ 2d

′
vol(KW +D + (4d′ + 2)HW )

≤ 2d
′
vol(KW +BW +MW +D + (4d′ + 2)HW )

= αd
′
vol(KW +BW +MW + 3dh∗H + 3dψ∗

WH),

which is bounded from above by Step 3, where α = 2 + 2m(4d′ + 3d + 2). Hence,
(W,D) is log bounded, completing the proof.

□
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Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1] ∩Q be a finite set. Let α be the positive
rational number defined in Theorem 3.4. Let f : ((X,B), A) → (Z,H) be a weak
(d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibration. By Theorem 3.5, there exists a
family of pairs (W ,D) → T over a finite type scheme T , and a projective morphism
Θ : W → S∗ such that (W,D) ∼= (Wt,Dt), and ψW : W → S∗ is equivalent to
Θt : Wt → S∗ for some closed point t ∈ T .

Let W be the normalization of the main component of W ×S∗ S !, and let DW
denote the preimage of D via the map W → W . After replacing (W ,DW) with
its log resolution and passing to a stratification of T , we may assume that the pair
(W ,DW) is log smooth over T . Let Θ : (W ,DW) → S ! be the induced morphism,
and let F : ((XW ,BW),LW) → W be the pullback of ((X !,B!),L!) → S ! via Θ. We
have the following commutative diagram:

(XW ,BW),LW

��

F
// (W ,DW)

Θ
��

// (W ,D)

Θ

��

// T

(X !,B!),L! // S ! π
// S∗

Lemma 3.6. There exists w ∈ N depending only on d,Φ, v, r, ϵ such that

vol(KXWt

+ BWt
+ αLWt

+ F∗
tDWt

) ≤ w

for every closed point t ∈ T .

Proof. Since (X !,B! + αL!) → S ! is locally stable, it follows that

(XW ,BW + αLW) → W

is also locally stable. Since (W ,DW) is log smooth, it follows from [Kol23, Corollary
4.55] that

(XW ,BW + αLW + F∗DW)

is lc. After passing to a stratification of T , we may assume that

(XW ,BW + αLW + F∗DW) → T

admits a fiberwise log resolution (YW ,RW) → T . Then, by [HMX13, Theorem 1.8
(3)],

vol(KXWt

+ BWt
+ αLWt

+ F∗
tDWt

) = vol(KYWt

+RWt,>0)

is independent of t ∈ T . □

3.3. Log birational boundedness. In this subsection, we do some preparation for
the proof of log birational boundedness of weak (d,Φ, v, r, ϵ)-polarized log Calabi–
Yau fibrations f : ((X,B), A) → (Z,H).

In the following theorem, we construct a special birational model ((X ′,∆′), A′) →
(Z ′, D′) of ((X,B), A) → Z, where (Z ′, D′) → Z factors through the log bounded
birational model (W,D) of Z constructed in Theorem 3.5.

Theorem 3.7. Let d ∈ N, v ∈ Q>0, and Φ ⊂ [0, 1] ∩Q be a finite set. Let α be the
rational number defined in Theorem 3.4. Assume that
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• f : (X,B) → Z is a log Calabi–Yau fibration such that (X,B) is klt, and A
is an effective integral divisor on X,

• the general fiber ((Xg, Bg), Ag) is a (d,Φ, v)-polarized log Calabi–Yau pair,
• there is a canonical bundle formula KX +B ∼Q f

∗(KZ +BZ +MZ),
• W → Z is a birational morphism, and
• D is a reduced divisor on W containing the strict transform of Supp(BZ)
together with the exceptional divisors over Z.

Then we can construct a commutative diagram

((X,B), A) //

f
��

((X ′, B′), A′) //

f ′

��

((X,B), A)

f

��

(Z,D)
π′

// (Z ′, D′) // (W,D) // Z

satisfying the following properties:

(i) Z ′ → W is a birational morphism,
(ii) f ′ : X ′ → Z ′ is a contraction, and B′, A′ are horizontal Q-divisors on X ′,
(iii) the generic fiber of (X ′, B′ + αA′) → Z ′ is isomorphic to the generic fiber of

(X,B + αA) → Z,
(iv) π′ : Z → Z ′ is a finite cover,
(v) (Z ′, D′) and (Z,D) are log smooth, where D′ is the sum of the strict trans-

form of D and all exceptional divisors over W , and D is the preimage of D′

under π′,
(vi) X is the normalization of X ′×Z′Z, and B,A are horizontal Q-divisors equal

to the pullback of B′, A′ on X over the generic point of Z ′, and
(vii) f : ((X,B), A) → Z is a family of (d,Φ, v)-polarized log Calabi–Yau pairs.

Furthermore, if f : (X,B) → Z has klt fibers over codimension one points of
Z \D, then, setting ∆′ := B′ + red(f ′∗D′), we have

(1) f ′ has integral fibers over codimension one points of Z ′ \D′,
(2) (X ′,∆′ + αA′) is lc,
(3) KX′ +∆′ ∼Q f

′∗(KZ′ +D′ +MZ′), and
(4) Supp(∆′) contains the strict transform of Supp(B) together with all excep-

tional divisors over X.

Proof. Step 1. In this step we construct a birational morphism Z ′ → W and a
finite cover Z → Z ′.

Let Y be a log resolution of (X,B + αA). Let BY be the strict transform of B
plus the reduced horizontal exceptional divisors over Z, and let AY be the strict
transform of A. Let Zo ⊂ Z be an open subset such that

• W → Z is an isomorphism over Zo,
• f : ((X,B), A) → Z is a family of (d,Φ, v)-polarized log Calabi–Yau pairs over
Zo, and

• fY : (Y,BY + AY ) → Z is log smooth over Zo.
Then BY and AY are effective Q-divisors which are horizontal over Zo. By [AK00,
Theorem 2.1 and Proposition 4.4], there is an extension Zo ↪→ Z ′ such that
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• Z ′ is a log resolution of (W,D),
• there is an equidimensional toroidal morphism f ′

Y : Y ′ → Z ′,
• if B′

Y , A
′
Y are the closures of BY |Zo and AY |Zo , respectively, then they are

contained in the toroidal boundary of Y ′, and
• ((Y ′, B′

Y ), A
′
Y ) → Z ′ is an extension of ((Y,BY ), AY )×Z Z

o → Zo.
Let D′ be the sum of the strict transform of D on Z ′ and all reduced exceptional

divisors over W . By [AK00, Proposition 5.1], there exists a finite cover π′ : Z → Z ′

such that fY : Y → Z is an equidimensional toroidal morphism with reduced fibers,
where Y is the normalization of Y ′ ×Z′ Z.

Note that the finite cover Z → Z ′ is a Kawamata covering. To ensure the smooth-
ness of Z in the construction, we add extra branch loci artificially (see [Kaw24, The-
orem 1.8.2]). Let R′ be the divisor on Z ′ whose support contains the union of
Supp(D′) and the branch divisors of π′. Define R := red(π′∗R′). Then (Z,R) is log
smooth by [AK00, Lemma 5.9].

Let D := red(π′∗D′) be the reduced divisor on Z. By construction, D ⊂ R. Let
BY and AY be the pullbacks of B′

Y and A′
Y to Y . Then they are contained in the

toroidal boundary of Y .
By [ACSS21, Proposition 2.16], (Y ,BY +µAY +f

∗
YΣ) is lc for any reduced simple

normal crossing divisor Σ on Z, where µ ∈ (0, 1) is sufficiently small. It follows that

fY : (Y ,BY + µAY ) → Z

is a locally stable morphism by [Kol23, Corollary 4.55].

Step 2. In this step we construct a family of (d,Φ, v)-polarized log Calabi–Yau
pairs ((X,B), A) → Z.

Since (Y ,BY + µAY ) → Z is locally stable and Z is smooth, every lc center of
(Y ,BY +µAY ) dominates Z by [Kol23, Corollary 4.56]. As a general fiber (Y ′

g , B
′
g+

µA′
g) is klt, we conclude that (Y ,BY +µAY ) is klt. The general fiber (Y g, BYg) has a

semi-ample model (Xg, Bg), and hence it admits a good minimal model by [HMX18,
Lemma 2.9.1]. Thus, by [HX13, Theorem 1.1], running an MMP on KY + BY over

Z yields a good minimal model (X
′
, B

′
) over Z. Let A

′
be the pushforward of AY .

By [Kol23, Corollary 4.57.1], (X
′
, B

′
) → Z is also locally stable. Since KX

′ + B
′

is semi-ample over Z and has Kodaira dimension 0 on the generic fiber, and since

X
′ → Z is equidimensional, upper semi-continuity of fiber dimensions gives

KX
′ +B

′ ∼Q,Z 0.

Define (X
′
, B

′
+µA

′
) 99K (X,B+µA) to be the log canonical model ofKX

′+B
′
+µA

′

over Z. As X
′
99K X does not extract any divisor,

KX +B ∼Q,Z 0. (3.4)

Finally, by [Kol23, Corollary 4.57.2], ((X,B), A) → Z is a stable family of polarized
log Calabi–Yau pairs. Since the general fiber is (d,Φ, v)-polarized, by the definition
of α the family (X,B + αA) → Z is locally stable.
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Step 3. In this step we construct a contraction f ′ : X ′ → Z ′ together with hori-
zontal Q-divisors B′, A′ onX ′, and show that the generic fiber of (X ′, B′+αA′) → Z ′

is isomorphic to that of (X,B + αA) → Z.
By the Hurwitz formula [Kol13, §2.41.4] we have

KZ +R = π∗(KZ′ +R′),

where both (Z,R) and (Z ′, R′) are log smooth by construction. By [Kol23, Corollary

4.55], (Y ,BY + µAY + f
∗
YR) is lc. Let πY : Y → Y ′ be the natural finite cover.

Since étale morphisms are stable under base change, the ramification divisor of πY
is contained in Supp(f

∗
YR). Thus, by [Kol13, §2.41.4],

KY +BY + µAY + f
∗
YR = π∗

Y

(
KY ′ +B′

Y + µA′
Y + red(f ′∗

Y R
′)
)
,

and (Y ′, B′
Y + µA′

Y + red(f ′∗
Y R

′)) is lc.
Since the general fiber (Y ′

g , B
′
Yg
) admits a semi-ample model (Xg, Bg), by [HX13,

Theorem 1.1] we can run an MMP on

KY ′ +B′
Y + red(f ′∗

Y R
′)

over Z ′ (equivalently, on KY ′ + B′
Y + red(f ′∗

Y R
′)− af ′∗

Y R
′ for a ≪ 1). This yields a

good minimal model

(X ′′, B′′ + red(f ′′∗R′))

over Z ′, with morphism f ′′ : X ′′ → Z ′. Let A′′ be the pushforward of A′
Y .

By Lemma 2.2(1), X
′
is isomorphic in codimension one to the normalization of

X ′′ ×Z′ Z. Now let

(X ′, B′ + red(f ′∗R′) + µA′)

be the log canonical model of KX′′ +B′′+red(f ′′∗R′)+µA′′ over Z ′, where f ′ : X ′ →
Z ′. Then the generic fiber of

(X ′, B′ + red(f ′∗R′) + αA′) → Z ′

coincides with that of

(X,B + αA) → Z.

As both B′
Y and A′

Y are horizontal over Z ′, so are B′ and A′. By Lemma 2.2(2),
X is isomorphic to the normalization of X ′ ×Z′ Z and

KX +B + αA+ f
∗
R = π∗

X

(
KX′ +B′ + αA′ + red(f ′∗R′)

)
,

where πX : X → X ′. Using A = π∗
XA

′, this simplifies to

KX +B + f
∗
R = π∗

X(KX′ +B′ + red(f ′∗R′)).

Combining (3.4) with Lemma 2.11, we conclude that

KX′ +B′ + red(f ′∗R′) ∼Q,Z′ 0.

Finally, since (X,B+αA+f
∗
R) is lc, [Kol13, Corollary 2.43] implies that (X ′, B′+

red(f ′∗R′) + αA′) is also lc.
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Step 4. In this step we prove the furthermore part. From now on we assume
that (X,B) → Z has klt fibers over codimension one points in Z \ D, and denote
∆′ := B′ + red(f ′∗D′).

Let P be a prime divisor on Z ′ not contained in Supp(D′), and let B̃Z be the strict

transform of BZ on W . Since Supp(B̃Z) ⊆ Supp(D) and Supp(D′) contains both
the strict transform of D and all exceptional divisors over Z, by the definition of the
discriminant part in the canonical bundle formula, we conclude that f ′ : X ′ → Z ′

has a reduced fiber over the generic point of P .
Let P be an irreducible component of the preimage of P on Z. By assumption,

(X,B) has a klt fiber over the generic point of P . By inversion of adjunction,

(X,B + f
∗
P ) is plt near the fiber over the generic point of P . By [Kol13, §2.41.4],

over the generic point of P the divisor KX +B + f
∗
P is equivalent to the pullback

of KX′ + B′ + f ′∗P . Hence, near the fiber of the generic point of P , the pair
(X ′, B′ + f ′∗P ) is plt by [Kol13, Corollary 2.43]. Therefore, f ′∗P is irreducible over
the generic point of P . This proves (1).

Because f ′ is equidimensional and has reduced fibers over codimension one points
of Z ′ \D′, we obtain

red(f ′∗R′) = red(f ′∗D) + f ′∗(R′ −D′).

Since
KX′ +B′ + red(f ′∗R′) ∼Q,Z′ 0

and (X ′, B′ + red(f ′∗R′) + αA′) is lc, it follows that

KX′ +∆′ = KX′ +B′ + red(f ′∗D) ∼Q,Z′ 0

and (X ′,∆′ + αA′) is also lc. This proves (2).
Next, observe that if P is a prime divisor on Z ′ not contained in Supp(D′), then

(X ′,∆′+f ′∗P ) is plt over the generic point of P , which implies that the discriminant
divisor of f ′ : (X ′,∆′) → Z ′ is contained in Supp(D′). If P is a prime divisor
contained in Supp(D′), then lct(X ′,∆′;P ) = 0. Thus,

KX′ +∆′ ∼Q f
′∗(KZ′ +D′ +MZ′),

where M is the moduli b-divisor corresponding to f : (X,B) → Z. This proves (3).
Finally, we prove (4). First, we show that Supp(f ′∗D′) contains all exceptional

divisors over X. Suppose E ′ is a prime divisor on X ′ exceptional over X but not
contained in Supp(f ′∗D′). Since (X,B) → Z and (X ′, B′) → Z ′ have the same
generic fiber, E ′ is vertical over Z ′. As f ′ : X ′ → Z ′ is equidimensional, P ′ := f ′(E ′)
is a prime divisor on Z ′ not contained in Supp(D′). Because Supp(D′) contains all
exceptional divisors over Z, the image of P ′ on Z is also a prime divisor P . Let F be
a component of f−1P dominating P . Then F is a non-klt center of (X ′, B′ + f ′∗P ′)
over the generic point of P ′, distinct from E ′, since E ′ is exceptional over X. This
contradicts the fact that (X ′, B′ + f ′∗P ′) is plt near the fiber over the generic point
of P ′.

Let Q′ be an irreducible component of the strict transform of Supp(Bv) in X ′,
and let Q be the image of Q′ in X. Then Q ⊆ Supp(Bv). Since f ′ : X ′ → Z ′ is
equidimensional, f ′(Q′) is a prime divisor on Z ′. By [Jia25, Lemma 2.6.(b)], every
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f -vertical log center of (X,B) dominates a generalized log center of (Z,BZ ,M).
It follows that f(Q) is a generalized log center of (Z,BZ ,M), and hence f ′(Q′)
is a generalized log place of (Z,BZ ,M). By construction, the divisor D′ contains
the strict transform of Supp(BZ) together with all the exceptional divisors over
Z. Therefore, f ′(Q′) ⊆ Supp(D′), and consequently Q′ ⊆ Supp(f ′∗D′). Hence,
Supp(f ′∗D′) contains the strict transform of Supp(Bv). On the other hand, since
the fibrations (X,B) → Z and (X ′, B′) → Z ′ have the same generic fiber, Supp(B′)
contains the strict transform of Supp(Bh). Combining the above, we conclude that
Supp(∆′) contains the strict transform of Supp(B) and all exceptional divisors over
X. This proves (4).

□

In the following theorem, we aim to bound the log canonical volume of the special
birational model constructed in Theorem 3.7.

Theorem 3.8. Let d ∈ N, v, r, ϵ ∈ Q>0, and Φ ⊂ [0, 1] ∩ Q be a finite set. Then
there exists a rational number α ∈ (0, 1) and positive numbers m,w depending only
on d,Φ, v, r, ϵ satisfying the following:

If f : ((X,B), A) → (Z,H) is a weak (d,Φ, v, r, ϵ)-polarized log Calabi–Yau fibra-
tion, then there exists a polarized log Calabi–Yau fibration f ′ : ((X ′,∆′), L′) → Z ′

such that

(1) X ′ 99K X is a birational map, and Z ′ → Z is a birational morphism,
(2) the generic fiber of f : (X,B) → Z is isomorphic to the generic fiber of

f ′ : (X ′,∆′) → Z ′,
(3) L′

g := L′|X′
g
is numerically equivalent to mA′

g := mA′|X′
g
on X ′

g, where A
′ is

the strict transform of A on X ′, and
(4) The coefficients of ∆′ are in Φ ∪ {1}.

Moreover, we have

(5) ∆′ contains the strict transform of Supp(B) on X ′ and all exceptional divi-
sors over X,

(6) (X ′,∆′ + αL′) is lc,
(7) KX′ +∆′ + αL′ − h′∗H is big, where h′ : X ′ → Z, and
(8) vol(KX′ +∆′ + αL′) ≤ w.

Proof. Step 1. In this step we construct a polarized log Calabi–Yau fibration

f ′ : ((X ′,∆′), L′) → Z ′

by Theorem 3.7.
By Theorem 3.5, there exists a birational morphism h : W → Z and a reduced

divisor D on W such that
• (W,D) is log bounded,
• the induced rational map ψW : W 99K S∗ is a bounded morphism,
• D ⊇ Supp(h−1

∗ BZ +E +ψ∗
WH), where E is the sum of the reduced exceptional

divisors of h, and H is a very ample divisor on S∗,
• KW +D − h∗H is big.
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Let W be the normalization of the main component of W ×S∗ S !, and let DW

denote the preimage of D via W → W . After replacing (W,DW ) with its log
resolution, we may assume that (W,DW ) is log smooth. ThenW → W is generically
finite. Let

fW : ((XW , BW ), LW ) → W

be the pullback of ((X !,B!),L!) → S ! via W → S !.
Let L on X be the closure of the pullback of L via the moduli map U → S for

some open subset U ⊂ Z. By Theorem 3.4, the general fiber ((Xg, Bg), Lg) is a
(dimXg,Φ, v

′)-polarized log Calabi–Yau pair, where v′ depends only on d,Φ, v.
Applying Theorem 3.7, we obtain a family of (dimXg,Φ, v

′)-polarized log Calabi–
Yau pairs

f : ((X,B), L) → Z,

and a polarized log Calabi–Yau fibration

f ′ : ((X ′,∆′), L′) → Z ′

satisfying (1)–(4). We may assume that Z ′ is the log resolution of (W,D) extracting
all exceptional divisors of W → W .

Step 2. In this step we prove (5)–(7).
By Theorem 3.7 (2)(4), to show that ∆′ contains the strict transform of Supp(B)

on X ′ and all exceptional divisors over X, and that (X ′,∆′ + αL′) is lc, it suffices
to prove that (X,B) → Z has klt fibers in Z \D.

Let Z̃ → Z be a generically finite morphism such that

• Z̃ → Z 99K S is a morphism and factors through S → S, and
• Z̃ → Z ′ → W factors through W → W .

We have the following commutative diagram:

(Z ′, D′)

g

��

(Z,D)oo (Z̃, D̃)oo

yy

��

U

��

� � // Z (W,D)
h

oo

��

(W,DW )oo

��

S // (S∗,H) S !oo Sookk

Let ((X̃, B̃), L̃) be the normalization of the main component of the base change

of ((X,B), L) by Z̃ → Z. Let ((X̃W , B̃W ), L̃W ) be the normalization of the main

component of the base change of ((XW , BW ), LW ) by Z̃ → W .

By Theorem 3.4 (4) and (6), the generic fiber of ((X̃, B̃), L̃) → Z̃ is isomorphic

to the generic fiber of ((X̃W , B̃W ), L̃W ) → Z̃. Moreover, since both ((X̃, B̃), L̃) → Z̃

and ((X̃W , B̃W ), L̃W ) → Z̃ are families of polarized log Calabi–Yau pairs, by the
separatedness of the moduli of polarized log Calabi–Yau pairs, we obtain

((X̃, B̃), L̃) ∼= ((X̃W , B̃W ), L̃W ).
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By Theorem 3.4 (8), Theorem 3.5 (2), and the fact that DW is the preimage
of D, we conclude that (XW , BW ) → W has klt fibers over W \ DW . Therefore,

(X̃, B̃) → Z̃ has klt fibers over Z̃ \ D̃′, where D̃′ is the preimage of DW . Since D

contains the preimage of D on Z, it follows that Supp(D̃′) ⊆ Supp(D̃), where D̃ is
the preimage of D. Hence (X,B) has klt fibers over Z \D.

We now show that

KX′ +∆′ + αL′ − h′∗H

is big. By Theorem 3.5 (3), KW + D − h∗H is big. Since D′ contains the strict
transform of D plus the reduced exceptional divisors over W , it follows that KZ′ +
D′ − (KW + D) is effective. Hence KZ′ + D′ − g∗h∗H is big. Let 0 < a ≪ 1. By
Theorem 3.7 (3), we have

KX′ +∆′ + αL′ − h′∗H = f ′∗(KZ′ +D′ +MZ′ − g∗h∗H) + aL′ + (α− a)L′.

Since L′ is big over Z ′ and L′ ≥ 0, it follows that KX′ +∆′ +αL′ − h′∗H is the sum
of a big Q-divisor and an effective Q-divisor, and hence big.

Step 3. In this step we prove that vol(KX′ +∆′ + αL′) is bounded from above.
Consider the following commutative diagram:

(X ′, B′ + αL′)

f ′

��

(X̃, B̃ + αL̃)

f̃
��

µ
oo

η
// X̃ ′ ν

// (XW , BW + αLW )

fW
��

(Z ′, D′) (Z̃, D̃)
π

oo
τ

// (W,DW )

Here X̃
η−→ X̃ ′ ν−→ XW is the Stein factorization of X̃ → XW , hence ν is a finite

morphism and η is a birational morphism. Now we claim that

η∗µ
∗(KX′ +∆′ + αL′) = ν∗(KXW

+BW + αLW + f ∗
W
DW ).

Since the generic fiber of

(X ′,∆′ + αL′)×Z′ Z̃ → Z̃

is equal to the generic fiber of

(XW , BW + αLW + f ∗
W
DW )×W Z̃ → Z̃,

it suffices to compare vertical divisors. Let P̃ be a prime divisor on X̃ which is

vertical over Z̃, and assume that its image P̃ ′ := η(P̃ ) is also a prime divisor on X̃ ′.

Let PW denote the image of P̃ on XW . We claim that the image of P̃ on X ′ is a
prime divisor as well.

Indeed, since PW is a prime divisor and fW is equidimensional, its image fW (PW )
is a prime divisor on W . By Step 1, the morphism Z ′ → W is a log resolution of

(W,D) extracting all exceptional divisors of W → W . It follows that π ◦ f̃(P̃ ) is

a prime divisor on Z ′. Since both f ′ and f̃ are equidimensional with fibers of the

same dimension, the image µ(P̃ ) is a prime divisor on X ′, which we denote by P ′.
We now distinguish two cases:
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Case (1): coeffP ′ ∆′ = 1. In this case, f ′(P ′) is a prime divisor contained in
Supp(D′). By construction, π−1(D′) is the union of τ−1(DW ) and some τ -exceptional
divisors. Therefore, fW (PW ) is a prime divisor contained in Supp(DW ). Hence, by

[Kol13, §2.41.4], over the generic point of P̃ ′, we have

ν∗(KXW
+BW + αLW + f ∗

W
DW ) = KX̃′ + P̃ ′ = η∗µ

∗(KX′ +∆′ + αL′).

Case (2): coeffP ′ ∆′ = 0. In this case, f ′(P ′) is not contained in Supp(D′) and
fW (PW ) is not contained in Supp(DW ). Hence, by Theorem 3.7 (1), f ′ has reduced
fibers over the generic point of f ′(P ′). Since the ramification locus of W → W is
contained in Supp(DW ) by Theorem 3.4 (8), the map W 99K Z ′ is étale over the

generic point of f ′(P ′). Therefore, the ramification index of µ along P̃ equals that

of ν along P̃ . By the Hurwitz formula, we have

ν∗(KXW
+BW + αLW + f ∗

W
DW ) = η∗µ

∗(KX′ +∆′ + αL′)

over the generic point of P̃ . This proves the claim.
By the claim, we obtain

vol(µ∗(KX′ +∆′ + αL′)) ≤ vol(ν∗(KXW
+BW + αLW + f ∗

W
DW )).

By [Hol12, Lemma 4.3], it follows that

vol(µ∗(KX′ +∆′ + αL′)) = deg(µ) vol(KX′ +∆′ + αL′),

vol(ν∗(KXW
+BW + αLW + f ∗

W
DW )) = deg(ν) vol(KXW

+BW + αLW + f ∗
W
DW ).

Since deg(ν) · deg(W/Z) = deg(µ), we conclude

vol(KX′ +∆′ + αL′) ≤ 1

deg(W/Z)
vol(KXW

+BW + αLW + f ∗
W
DW ) ≤ w

by Lemma 3.6, where w is a positive integer depending only on d,Φ, v, r, ϵ.
□

3.4. Log boundedness in codimension one. We now proceed to establish the
main theorem of this section.

Proof of Theorem 3.1. Step 1. Let

h′ : ((X ′,∆′), L′) → Z ′ → Z

be the fibration constructed in Theorem 3.8. By [HMX14, Theorem 1.3], there exists
a fixed positive integer n such that the linear system

|n(KX′ +∆′ + αL′)|

defines a birational map. Let π : Y ′ → X ′ be a log resolution of (X ′,∆′ + L′) such
that

|nπ∗(KX′ +∆′ + αL′)| = |M |+ F,

where |M | is the free part and F is the fixed part. Set

G :=M + π∗h′∗H.
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Then |G| is base point free and defines a birational morphism µ : Y ′ → Y such that
µ∗G is very ample on Y . Moreover, every curve contracted by µ intersects π∗h′∗H
trivially, hence the induced map g : Y 99K Z is in fact a morphism.

By construction, we have

G+ F ∼Q nπ
∗(KX′ +∆′ + αL′) + π∗h′∗H.

Let ηZ denote the generic point of Z. Since KX′ +∆′ ∼Q,ηZ 0, we obtain

G+ F ∼Q,ηZ nαπ
∗L′.

Step 2. Define

Σ′ := red(π−1
∗ ∆′) +G+ F + π∗h′∗HZ + E ′,

where E ′ denotes the reduced exceptional divisor of π : Y ′ → X ′, and set Σ = µ∗Σ
′.

In this step, we prove that (Y,Σ) belongs to a log bounded family and that the
morphism g : Y → Z is bounded.

Since KX′ +∆′ + αL′ − h′∗H is big by Theorem 3.8 (7), it follows that

vol(G) ≤ vol
(
(n+ 1)(KX′ +∆′ + αL′)

)
≤ (n+ 1)dw.

By [HMX14, Lemma 7.3], there exists a fixed positive number β < 1 such that
KX′ + β(∆′ + αL′) is big.

Define

c :=
1

min{ci ∈ Φ ∪ {1} | ci ̸= 0}
,

and choose a fixed positive number t satisfying

c+ tβ

1 + t
≤ 1, equivalently, t ≥ c− 1

1− β
.

Then we conclude that

vol(KY ′ + Σ′ + (4d+ 2)G)

≤ vol(KX′ + π∗Σ
′ + (4d+ 2)π∗G)

≤ vol(KX′ + c∆′ + (10d+ 3)(n+ 1)(KX′ +∆′ + αL′))

≤ vol(KX′ + c∆′ + t(KX′ + β(∆′ + αL′)) + (10d+ 3)(n+ 1)(KX′ +∆′ + αL′))

≤ vol((1 + t+ (10d+ 3)(n+ 1))(KX′ +∆′ + αL′))

≤(1 + t+ (10d+ 3)(n+ 1))dw,

where the second inequality holds since KX′ +∆′+αL′−h′∗H is big. Therefore, by
[HMX13, Lemma 3.2],

Σ · ((4d+ 2)µ∗G)
d−1 = Σ′ · ((4d+ 2)G)d−1

≤ 2d vol(Y ′, KY ′ + Σ′ + (4d+ 2)G)

≤ 2d(1 + t+ (10d+ 3)(n+ 1))dw.

Thus by [HMX13, Lemma 2.4.2 (4)], (Y,Σ) forms a log bounded family. By [HJ22,
Lemma 2.8], g : Y → Z is a bounded morphism.
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Step 3. There exists a family of contractions

Y → Z → T

and three effective divisors Ω, G, and F on Y such that for some closed point t ∈ T ,
the fiber Yt → Zt is isomorphic to g : Y → Z, with

Ωt ≃ Σ, Gt ≃ µ∗G, Ft ≃ µ∗F.

Since µ∗G is a very ample divisor on Y and ampleness is an open condition, after
passing to a stratification we may assume that G is ample over the generic point of
Z. If we write

JY = G + F ,
then JY is big over Z. Setting

JY = µ∗G+ µ∗F,

we have
JY ∼Q,ηZ nαµ∗π

∗L′.

After taking a log resolution of (Y ,Ω) and passing to a stratification of T , we
may assume that T is smooth and (Y ,Ω) is log smooth over T . Replacing JY by its
pullback, it remains big over Z. After passing to a finite étale cover of a stratification
of T (see [Kol13, Claim 4.38.1]), we may assume that every prime component of Ω
restricts to a prime divisor fiberwise. Moreover, after replacing (Y ,Ω) by a sequence
of blowups of strata, we extract all divisors whose log discrepancies with respect to
(Y , (1 − ϵ)Ω) are at most one. Up to a further stratification of T , this process can
be assumed to be fiberwise. Therefore, the induced birational map

Yt 99K X ′ 99K X

does not extract any divisor.
Since H is very ample and HZ ∈ |6dH| is general, we may assume that (X,B +

1
2
f ∗HZ) is ϵ-lc. By the canonical bundle formula,

KX +B ∼Q f
∗(KZ +BZ +MZ).

By the boundedness of the length of extremal rays, KZ +BZ +MZ +3dH is ample,
and hence

KX +B + 1
2
f ∗HZ ∼Q f

∗(KZ +BZ +MZ + 1
2
HZ)

is semi-ample.
Let ΓYt be the strict transform of B + 1

2
f ∗HZ on Yt, together with (1 − 1

2
ϵ)E,

where E is the reduced exceptional divisor of Yt 99K X. Define ΓY to be the divisor
supported on Ω whose restriction to Yt is ΓYt . Since the coefficients of B + 1

2
f ∗HZ

lie in a finite set, the possible coefficients appearing in ΓYt also belong to a finite
set Φ∪ {1

2
, 1− 1

2
ϵ}. Therefore, without loss of generality, we may assume that ΓY is

fixed on Y .
By construction, (X,B + 1

2
f ∗HZ) is a good minimal model of (Yt,ΓYt). By

[HMX18, Theorem 1.2], the pair (Y ,ΓY) admits a relative good minimal model
(V ,Γ) over T , which, up to a stratification of T , induces good minimal models
fiberwise. By the boundedness of the length of extremal rays, the induced map
V 99K Z is a morphism. If we denote the pushforward of JY by J , then J is big
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over Z. By [HX13, Lemma 2.4], the pair (Vt,Γt) is isomorphic in codimension one
to (X,B + 1

2
f ∗HZ).

Since L′ is numerically equivalent to the strict transform of mA on the generic
fiber of X ′ → Z, and since JY ∼Q,ηZ nαµ∗π

∗L′, we conclude that Jt is numerically
equivalent to the strict transform ofmnαA on the generic fiber of Vt → Z. Replacing
n by a bounded multiple, we may assume that l := mnα is an integer. Thus, the
pair (Vt,Γt) and the integral divisor Jt are what we need.

□

Remark 3.9. We remark that the relative bigness of J will be used in the proof of
Theorem 1.7.

4. Polarized log Calabi–Yau fibrations: arbitrary coefficients

In this section, we consider the boundedness of polarized log Calabi–Yau fibrations
f : ((X,B), A) → (Z,H) where the coefficients of B are arbitrary.

We first recall the definition and boundedness result for Fano type fibrations.

Definition 4.1 ([Bir24, Definition 1.1]). Let d ∈ N and r, ϵ ∈ R>0. A (d, r, ϵ)-Fano
type fibration f : (X,B) → (Z,H) consists of

(1) a projective ϵ-lc pair (X,B) of dimension d,
(2) a fibration f : X → Z such that KX + B ∼R f

∗N for some R-divisor N on
Z,

(3) −KX is big over Z, i.e., X is of Fano type over Z,
(4) H ≥ 0 is a very ample divisor on Z with HdimZ ≤ r, and
(5) H −N is ample.

Theorem 4.2 ([Bir24, Theorem 1.3]). Let d ∈ N and r, ϵ, δ ∈ R>0. Consider the
set of all (d, r, ϵ)-Fano type fibrations (X,B) → (Z,H) and R-divisors 0 ≤ ∆ ≤ B
where the non-zero coefficients of ∆ are larger than δ.

Then the set of such (X,∆+ f ∗H) is log bounded.

Proof. By [Bir24, Theorem 1.4], there exists a positive number t < 1 depending
only on d, r, ϵ such that (X,B + tf ∗H) is ϵ

2
-lc. Then (X,B + tf ∗H) → Z is a

(d, 2dr, ϵ
2
)-Fano type fibration, hence by [Bir24, Theorem 1.3], (X,∆ + f ∗H) is log

bounded. □

Lemma 4.3. Let d ∈ N and r, ϵ, δ ∈ R>0. Assume that

• (X,B) is an ϵ-lc pair of dimension d,
• f : X → Z is a contraction to a normal projective variety,
• KX +B ∼R f

∗N for some R-divisor N on Z,
• H is a very ample divisor on Z such that HdimZ ≤ r and H −N is ample,
• 0 ≤ ∆ ≤ B is an R-divisor on X such that the non-zero coefficients of ∆
are larger than δ,

• f : X → Z factors through a contraction h : X → Y , and denote the
morphism Y → Z by g,

• −KX is big over Y ,
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• µ : Y 99K Y ′/Z is a birational map which does not extract any divisor, and
denote the morphism Y ′ → Z by g′, and

• (Y ′, g′∗H) is log bounded.

Then there exists a Q-factorial projective variety X ′ and a contraction f ′ : X ′ → Z
such that

(1) ν : X 99K X ′/Z is an isomorphism in codimension one,
(2) (X ′, B′) is ϵ-lc, where B′ = ν∗B,
(3) f ′ : X ′ → Z factors through h′ : X ′ → Y ′, where −KX′ is big over Y ′, and
(4) (X ′,∆′ + f ′∗H) is log bounded, where ∆′ = ν∗∆.

X
ν

//

h
��

X ′

h′

��

Y
µ

//

g
  

Y ′

g′~~

Z

Proof. Since KX +B ∼R,Z 0, it follows that KX +B ∼R,Y 0. By [BDCS24, Proposi-
tion 3.6], after replacing Y by a Q-factorial model and replacing X accordingly, we
may assume that Y is Q-factorial.

Let A′ be an ample divisor on Y ′. As µ : Y 99K Y ′ does not extract any divisor,
we can define A to be the pullback of A′ on Y . Note that h∗A is abundant over
Z because the Kodaira and numerical dimension are invariant by pullback under
contractions, see [Nak04, Chapter 5, Proposition 2.7(4)]. By [HH20, Lemma 2.13],
for 0 < ϵ≪ 1, (X,B + ϵh∗A) admits a good minimal model X ′′ over Z. Since Y ′ is
the ample model of (X,B + ϵh∗A) over Z, there is a contraction h′′ : X ′′ → Y ′.
Let B′′ denote the strict transform of B on X ′′. Then (X ′′, B′′) remains an ϵ-lc

pair. Let {E1, · · · , Ek} be the divisors contracted by the birational map X 99K X ′′.
The log discrepancy of any Ei with respect to (X ′′, B′′) is at most 1. Therefore, by
[BCHM10, Corollary 1.4.3], there exists a birational model X ′ → X on which the
only extracted divisors are {E1, · · · , Ek}. Consequently, we obtain a birational map

ν : X 99K X ′/Z

which is an isomorphism in codimension one, together with a contraction

h′ : X ′ → Y ′.

Let f ′ : X ′ → Z denote the induced morphism X ′ → Y ′ → Z. Define

KX′ +B′ := ν∗(KX +B).

Since KX +B ∼R f
∗N , we have

KX′ +B′ ∼R f
′∗N,

and (X ′, B′) is also ϵ-lc.
As (Y ′, g′∗H) is log bounded, there exists a constant r′ ∈ R>0 and a very ample

divisor HY ′ on Y ′ such that

HdimY ′

Y ′ ≤ r′, and HY ′ − g′∗H is ample.
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In particular, HY ′ − g′∗N is ample. Note that −KX′ is big over Y ′ because −KX is
big over Y , and ν : X 99K X ′ is isomorphic in codimension one. Therefore,

h′ : (X ′, B′) → (Y ′, HY ′)

is a (d, r′, ϵ)-Fano type fibration. By Theorem 4.2, (X ′,∆′+f ′∗H) is log bounded. □

Remark 4.4. Applying Lemma 4.3 in the special case where X = Y , we obtain the
following. Suppose that

X 99K X ′′/Z

is a birational map which does not extract any divisor and (X ′′, f ′′∗H) is log bounded,
where f ′′ : X ′′ → Z. Then there exists a Q-factorial variety X ′ that is isomorphic
to X in codimension one over Z, and

(X ′,∆′ + f ′∗H)

is log bounded, where f ′ : X ′ → Z.

For the polarized log Calabi–Yau fibration ((X,B), A) → (Z,H), if the horizontal
part Bh ̸= 0, we can decompose it into a Fano type fibration and a lower-dimensional
polarized log Calabi–Yau fibration.

Proposition 4.5. Assume that Theorem 1.5 holds in dimension ≤ d−1. Moreover,
assume it also holds when X is of dimension d and B is vertical over Z. Then
Theorem 1.5 holds in dimension d.

Proof. The argument follows closely that of [Bir23b, Theorem 10.1].

Step 1. By assumption it suffices to consider the case where the horizontal part Bh

ofB is non-zero. ThenKX is not pseudo-effective over Z becauseKX+B ∼R,Z 0. Let
t be the smallest number such that KX + tA is pseudo-effective over Z. By [Bir23a,
Lemma 4.11], t is bounded from above. Moreover, if we consider (X, 0, tA) as a
generalized pair with nef part tA, it follows from [BZ16, Lemma 4.4] that KX + tA
admits a good minimal model over Z, which is not of general type. Considering
intersection numbers shows that t belongs to a fixed set of rational number which
is discrete away from zero, see [Bir23a, Lemma 4.11].

Step 2. In this step we reduce to the case when X is Q-factorial and t ≥ 1.

Let l be the largest integer such that Ã = lKX + A is big over Z. Then

vol(ÃF ) = vol(−lBF + AF ) ≤ vol(AF ) ≤ v,

where F is the general fiber of f : X → Z. Let f1 : X1 → Z be the ample model

of Ã over Z, and let B1, A1 be the pushdowns of B, Ã on X1. If the horizontal
part Bh

1 = 0, then (X1, f
∗
1H) is log bounded in codimension one by assumption. By

Remark 4.4, this implies that (X,∆+ f ∗H) is also log bounded in codimension one.
Therefore, we may assume Bh

1 ̸= 0.
Repeating this procedure, we obtain a sequence of birational maps over Z:

((X,B), A) 99K ((X1, B1), A1) 99K · · · 99K ((Xk, Bk), Ak) 99K · · ·
satisfying Bh

i ̸= 0 for all i. Since the Picard number ρ(X) is finite, there exists
k ∈ N such that Xi 99K Xi+1 is isomorphic in codimension one for all i ≥ k. By the
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definition of Ãk, we know KXk
+ Ãk is not big over Z, hence KXk+1

+Ak+1 is not big
over Z. Denote by tk+1 the smallest number such that KXk+1

+ tk+1Ak+1 is pseudo-
effective over Z. Then tk+1 ≥ 1. By Remark 4.4, to prove that (X,∆+ f ∗H) is log
bounded in codimension one, it suffices to show that (Xk+1, f

∗
k+1H) is log bounded

in codimension one, where fk+1 : Xk+1 → Z. Thus we may replace ((X,B), A) with
((Xk+1, Bk+1), Ak+1) and assume that X is Q-factorial and t ≥ 1.

Step 3. Since t belongs to a fixed set of rational numbers which is discrete away
from zero, and since t ≥ 1 and t is bounded above, there are only finitely many
possibilities for t. In the following we assume that t is fixed.

View (X,N) as a generalized pair over Z with nef part N := tA. Then (X,N) is
an ϵ-lc generalized pair. By [BZ16, Lemma 4.4], there exists a good minimal model
f ′ : X ′ → Z of KX + tA over Z. Let B′,∆′, A′ be the pushdowns of B,∆, A on X ′.
By Remark 4.4, it suffices to prove that (X ′, f ′∗H) is log bounded in codimension
one.

Let h : X ′ → Y/Z be the non-birational contraction induced by KX′ + tA′, and
denote the morphism Y → Z by g. By [Fil20], there exists a generalized canonical
bundle formula

KX′ + tA′ ∼Q h
∗(KY + CY +RY ).

Since A′ is big over Z, it follows that −KX′ is big over Y . Hence, by [Bir23b,
Theorem 8.3], (Y,CY ,R) is a τ -lc generalized pair for some fixed τ ∈ R>0.

As t is fixed, there exists p ∈ N such that p(KX′ + tA′) is integral. Let G be the
general fiber of h : X ′ → Y . Then G is ϵ-lc and belongs to a bounded family by
[Bir21b]. After replacing p by a bounded multiple, we may assume that p(KG+tAG)
is Cartier by [HLQ23, Theorem 1.10]. Since G is of Fano type, we have Pic0(G) = 0,
and thus p(KG+ tAG) ∼ 0. Therefore, there exists a rational function α on X ′ such
that p(KX′ + tA′) + Div(α) is vertical over Y . Since

p(KX′ + tA′) + Div(α) ∼Q,Y 0,

it follows from [CHL24, Lemma 2.5] that p(KX′ + tA′) + Div(α) is the pullback of
a Q-Cartier Q-divisor on Y . Hence we obtain the canonical bundle formula

p(KX′ + tA′) ∼ ph∗(KY + CY +RY ).

Since p(KX′+tA′) is integral and the multiplicities of the fibers of h over codimension
one points are bounded, after replacing p by a bounded multiple we may assume
that

J := p(KY + CY +RY )

is an integral divisor.

Step 4. In this step we prove that the volume of the restriction of J on the general
fiber of g : Y → Z is bounded from above.

Let ϕ : W → X and ψ : W → X ′ be common resolutions. Pick a general
point of Z and let FW , FX , FX′ , FY be the corresponding fiber over this point. By
[Bir23a, Theorem 1.1], there exists a fixed positive integer m such that |mA|FX

|
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defines a birational map. Let c = dimFW and e = dimFY . Then

vol(J |FY
) ≤ (ϕ∗(mA)|FW

)c−e · (ψ∗(p(KX′ + tA′))|FW
)e

≤ mc−epe vol(ϕ∗A|FW
+ ψ∗(KX′ + tA′)|FW

)

≤ mc−epe vol(ϕ∗(KX + (1 + t)A)|FW
)

≤ mc−epe vol((1 + t)A|FX
) ≤ (1 + t)cmc−epev.

Step 5. Applying [Bir23a, Theorem 1.1] to a Q-factorialization of FY and the
divisor J , we conclude that there exists a fixed positive integer n such that |nJ |FY

|
defines a birational map. Therefore, there exists an effective integral divisor J ′ such
that J ′ ∼ nJ/Z, and then

vol(J ′|FY
) ≤ v′,

where v′ = (1 + t)cmc−enepev.
By [Zhu25, Lemma 2.11] (see also [Bir23b, Theorem 1.9]), there exists a fixed

τ ∈ R>0 such that we can write a canonical bundle formula

KX′ +B′ ∼R h
∗(KY +DY + SY ),

where (Y,DY ,S) is a τ -lc generalized pair. By [Amb05, Theorem 4.1], we may choose

a boundary D̃Y such that

KY + D̃Y ∼R KY +DY + SY

and (Y, D̃Y ) is
τ
2
-lc. Consequently,

g : ((Y, D̃Y ), J
′) → (Z,H)

is a (dimY, v′, r, τ
2
)-polarized log Calabi–Yau fibration. By the induction hypothesis,

(Y, g∗H) is log bounded in codimension one. Hence, by Lemma 4.3, (X ′, f ′∗H)
is log bounded in codimension one. Finally, by Remark 4.4, the same holds for
(X,∆+ f ∗H).

□

If the horizontal part Bh vanishes, we can run an MMP for very exceptional
divisors to reduce the problem to Theorem 3.1 with Φ = {0}.

Proof of Theorem 1.5. By Proposition 4.5, it suffices to treat the case where B is
vertical over Z.

By [Zhu25, Lemma 2.11] (see also [Bir23b, Theorem 1.9]), there exists a fixed
δ ∈ R>0 such that we can write the canonical bundle formula

KX +B ∼R f
∗(KZ +BZ +MZ),

where (Z,BZ ,M) is a δ-lc generalized pair. By [Bir24, Theorem 2.3], there exists a
Q-factorialization

µ : Z ′ → Z

such that Z ′ belongs to a bounded family. Let H ′ be a very ample divisor on Z ′

satisfying H ′dimZ′ ≤ r′ for some fixed r′ ∈ R>0, and such that H ′ − µ∗H is ample.
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By [BDCS24, Proposition 3.6], there exists a Q-factorial ϵ-lc pair (X ′, B′), iso-
morphic to (X,B) in codimension one, together with a contraction

f ′ : X ′ → Z ′

satisfying KX′ +B′ ∼R,Z′ 0. Let A′ be the strict transform of A in X ′. Then

vol(A′|F ′) = vol(A|F ) ≤ v,

where F, F ′ denote the general fibers of f : X → Z and f ′ : X ′ → Z ′, respectively.
Suppose that f ′ : X ′ → Z ′ admits a very exceptional divisor E. We run an

MMP for (X ′, B′ + λE) over Z ′, where λ is a sufficiently small positive number.
By [Bir12, Theorem 1.8], this MMP terminates with a model X ′′ on which E is
contracted. If X ′′ → Z ′ still has a very exceptional divisor, we repeat this process.
Since the relative Picard number ρ(X ′/Z ′) strictly decreases each time, after finitely
many steps we reach a contraction

g : Y → Z ′

with no very exceptional divisor. Let BY and AY be the pushdowns of B′ and A′

to Y . Then KY + BY ∼R,Z′ 0 and (Y,BY ) is ϵ-lc. Moreover, since X ′ 99K Y is an
isomorphism over an open subset of Z ′, we have

vol(AY |FY
) = vol(A′|F ′) ≤ v,

where FY is the general fiber of g : Y → Z ′.
Let Y ′ be the ample model ofAY over Z ′, and denote byB′

Y andA′
Y the pushdowns

of BY and AY to Y ′. Then KY ′ +B′
Y ∼R,Z′ 0 and (Y ′, B′

Y ) is ϵ-lc. Furthermore,

vol(A′
Y |F ′

Y
) = vol(AY |FY

) ≤ v,

where F ′
Y is the general fiber of g′ : Y ′ → Z ′. Therefore,

g′ : ((Y ′, B′
Y ), A

′
Y ) → Z ′

is a (d, v, r′, ϵ)-polarized log Calabi–Yau fibration.
Note that g′ : Y ′ → Z ′ has no very exceptional divisor. Since B′

Y is vertical over
Z ′ and Z ′ is Q-factorial, it follows that B′

Y is of fiber type over Z ′. Hence, there
exists an effective R-Cartier R-divisor C ′ on Z ′ such that

B′
Y = g′∗C ′.

Consequently,

KY ′ ∼R g
′∗(µ∗N − C ′).

Note that H ′− (µ∗N −C ′) is in general pseudo-effective, rather than ample. Hence,

g′ : ((Y ′, 0), A′
Y ) → Z ′

is merely a weak (d, 0, v, r′, ϵ)-polarized log Calabi–Yau fibration.
By Theorem 1.4, (Y ′, g′∗H ′) is log bounded in codimension one. Since H ′ − µ∗H

is ample, it follows that (Y ′, g̃′∗H) is also log bounded in codimension one, where
g̃′ : Y ′ → Z. Finally, as X 99K Y ′ is a birational map which does not extract
any divisor, Remark 4.4 implies that (X,∆ + f ∗H) is log bounded in codimension
one. □
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5. Fibrations whose general fibers have vanishing irregularity

In this section, we consider the boundedness of polarized log Calabi–Yau fibrations
f : ((X,B), A) → (Z,H) such that SuppR1f∗OX ⊊ Z.

The following lemma addresses the issue when the base of a polarized log Calabi–
Yau fibration is not Q-factorial.

Lemma 5.1. Let d, r ∈ N and ϵ ∈ R>0. Assume that

• (X,B,M) is an ϵ-lc generalized projective pair of dimension d,
• H is a very ample divisor such that Hd ≤ r, and
• H − (KX +B +MX) is ample.

Then there exists a positive integer r′ depending only on d, r, ϵ such that

(1) there exists a couple (X ′,Σ′) such that π : X ′ → X is a Q-factorialization,
(2) the irreducible components of Σ′ generate N1(X ′/X),
(3) H ′ is a very ample divisor on X ′ such that H ′d ≤ r′, and
(4) H ′ − Σ′ and H ′ − π∗H are ample.

Proof. By [Bir24, Theorem 2.3], there exists a Q-factorialization

π : X ′ → X

such that X ′ is in a bounded family. Therefore, there exists a bounded resolutionW
of X ′ such that the Picard number ρ(X ′) ≤ ρ(W ) is bounded from above, and hence
the relative Picard number ρ(X ′/X) is also bounded from above. In the following
we apply induction on ρ(X ′/X) to construct Σ′ and H ′ on X ′ satisfying the desired
properties.

By the cone theorem [KM98, Theorem 3.7], the birational morphism π : X ′ → X
can be decomposed into a sequence of extremal contractions

X ′ = X1 → X2 → · · · → Xl−1 → Xl = X.

Again by [Bir24, Theorem 2.3], Xl−1 also belongs to a bounded family. Hence, there
exists a positive integer rl−1 depending only on d, r, ϵ and a very ample divisor Hl−1

on Xl−1 such that

Hd
l−1 ≤ rl−1 and Hl−1 − µ∗H is ample,

where µ : Xl−1 → X. Writing

KXl−1
+Bl−1 +MXl−1

= µ∗(KX +B +MX),

it follows that

Hl−1 − (KXl−1
+Bl−1 +MXl−1

)

is ample. Since ρ(X ′/Xl−1) < ρ(X ′/X), by the inductive hypothesis we obtain the
following:

• there exists a couple (X ′,Σ′) such that the irreducible components of Σ′

generate N1(X ′/Xl−1),
• there exists a fixed r′ ∈ N and a very ample divisor H ′ on X ′ such that
H ′d ≤ r′, and

• both H ′ − Σ′ and H ′ − ν∗Hl−1 are ample, where ν : X ′ → Xl−1.
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In particular, H ′ − π∗H is also ample.
Finally, since Hl−1 is ample over X and µ : Xl−1 → X is an extremal contraction,

by replacing Σ′ with Σ′ ∪ Supp(ν∗Hl−1), H
′ with 2H ′, and r′ with 2dr′, we conclude

that the irreducible components of Σ′ generate N1(X ′/X). □

The following lemma bounds certain vertical divisors in a log bounded family.

Lemma 5.2. Let ϵ, δ ∈ R>0 and Φ ⊂ [0, 1] ∩Q be a finite set. Assume that

• (X,B) is a projective Q-factorial ϵ-lc pair belonging to a bounded family,
• the coefficients of B are in Φ,
• KX +B is semi-ample and defines a contraction f : X → Z,
• there is a canonical bundle formula KX + B ∼Q f ∗(KZ + BZ + MZ) such
that (Z,BZ ,M) is a generalized δ-lc pair, and

• N is an integral divisor on X such that N ∼Q,ηZ 0, where ηZ is the generic
point of Z.

Then there exists an effective Q-divisor D on X such that

(1) D is vertical over Z,
(2) N ∼Q,Z D, and
(3) (X, Supp(B) ∪ Supp(D)) is log bounded.

Proof. Step 1. Since (X,B) belongs to a log bounded family of ϵ-lc pairs with
coefficients of B contained in a finite set, it follows from [BDCS24, Lemma 2.17]
that the set of morphisms f : (X,B) → Z is bounded. Moreover, there exists a
bounded m ∈ N such that m(KX +B) is base point free and satisfies

m(KX +B) ∼ mf ∗(KZ +BZ +MZ).

Set
H := m(KZ +BZ +MZ).

Then H is a very ample divisor on Z, and HdimZ is bounded from above.
Applying Lemma 5.1, we obtain that
• there exists a couple (Z ′,Σ′) such that π : Z ′ → Z is a Q-factorialization,
• the irreducible components of Σ′ generate N1(Z ′/Z),
• H ′ is a very ample divisor on Z ′ such that H ′dimZ′

is bounded from above, and
• both H ′ − Σ′ and H ′ − π∗H are ample.

Therefore, by replacing m with a bounded multiple, we may assume that H − Σ is
pseudo-effective, where Σ = π∗Σ

′.
By [BDCS24, Proposition 3.6], there exists a commutative diagram

X ′ µ
//

f ′

��

X

f
��

Z ′ π
// Z

such that µ : X ′ 99K X is an isomorphism in codimension one.

Step 2. Let N ′ := µ∗N . Since N ∼Q,ηZ 0, we have

N ′ ∼Q,ηZ′ 0,
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where ηZ′ is the generic point of Z ′. As Z ′ is Q-factorial, there exists a very
exceptional/Z ′ Q-divisor L′ on X ′ such that

N ′ ∼Q,Z′ L′.

Since the irreducible components of Σ′ generate N1(Z ′/Z), there exists a Q-Cartier
Q-divisor C ′ on Z ′ with

Supp(C ′) ⊆ Supp(Σ′) and N ′ ∼Q,Z L
′ + f ′∗C ′.

Let L := µ∗L
′. Then L is very exceptional over Z, because L′ is very exceptional

over Z ′, and π, µ are isomorphisms in codimension one. Hence, we have

N ∼Q,Z L+ µ∗f
′∗C ′.

Since f : X → Z is a bounded morphism, by [BDCS24, Lemma 2.20], we conclude
that Supp(L) is bounded.

Possibly enlarging Σ and replacing H ′, H by bounded multiples, we may assume
that there exists an effective Q-Cartier Q-divisor T on Z such that

Supp(T ) ⊂ Σ and C ′ + π∗T, L+ f ∗T are effective.

Replacing C ′ and L by C ′ + π∗T and L + f ∗T , we may assume that C ′ and L are
effective Q-divisors.

Since H − Σ is pseudo-effective, it follows that m(KX + B)− µ∗f
′∗Σ′ is pseudo-

effective. Therefore, the couple

(X, Supp(B) ∪ Supp(L) ∪ Supp(µ∗f
′∗C ′))

is log bounded.
Finally, set

D := L+ µ∗f
′∗C ′.

ThenD is effective, vertical over Z, satisfiesN ∼Q,Z D, and (X, Supp(B)∪Supp(D))
is log bounded. This completes the proof.

□

We also need the following result on the finiteness of log canonical models when
the boundary divisors vary in a polytope.

Lemma 5.3. Assume that

(1) (X,B) is a projective Q-factorial klt pair,
(2) X → Z is a contraction to a normal projective variety,
(3) KX +B ∼Q,Z 0,
(4) L is an effective Q-divisor on X which is big over Z,
(5) D1, · · · , Dk are effective Q-divisors on X that are vertical over Z, and
(6) V is the affine subspace generated by L and all Di in the real vector space of

divisors, and P is the polytope in V generated by L and all Di.

Then there exist finitely many rational maps πj : X 99K Yj/Z for 1 ≤ j ≤ l satisfying
the following.

For each point C ∈ P , there exists 1 ≤ j ≤ l such that πj gives the ample model
of C over Z.
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Proof. Let δ be a positive rational number such that (X,B + δ(L +
∑k

i=1Di)) is
klt. Let V ′ be the affine subspace generated by B + δL and B + δDi in the real
vector space of divisors, and let P ′ be the polytope in V ′ generated by B + δL and
B+ δDi. Since KX +B ∼Q,Z 0, it suffices to prove the finiteness of ample models of
KX+C ′ over Z for all C ′ ∈ P ′. By [MZ23, Theorem 5.1] (see also [Kaw24, Theorem
2.10.3]), it is enough to show that (X,C ′) has a good minimal model over Z for
every C ′ ∈ P ′.

Let C ′ ∈ P ′ and write

C ′ = B + a0L+
∑
aiDi, with

∑
ai = δ.

If a0 > 0, then KX + C ′ is big over Z, and by [BCHM10], (X,C ′) has a good
minimal model over Z. If a0 = 0, then since each Di is vertical over Z, we have
KX + C ′ ∼Q,ηZ 0, where ηZ is the generic point of Z. By [Bir12, Theorem 1.4] or
[HX13, Theorem 1.1], (X,C ′) has a good minimal model over Z. This completes
the proof. □

With the necessary preparations complete, we can now prove the main theorem
of this section.

Proof of Theorem 1.7. By Theorem 3.1, there exists a couple (V,Θ), an effective
integral divisor J on V and a positive integer l, depending only on d,Φ, v, r, ϵ, such
that

• there is a contraction h : V → Z and V is Q-factorial,
• V 99K X/Z is an isomorphism in codimension one,
• (V,Θ+ Supp(J)) is bounded,
• Θ contains both BV and h∗HZ , where BV is the strict transform of B on V ,
and HZ is a general element of |6dH|, and

• JX ≡ lA over the generic point of Z, where JX is the strict transform of J
on X.

Since SuppR1f∗OX ⊊ Z, Grauert’s theorem implies h1(Xg,OXg) = 0, where Xg

is the general fiber of f : X → Z. Consequently,

JX ∼Q,ηZ lA,

where ηZ is the generic point of Z. Since V 99K X/Z is an isomorphism in codimen-
sion one, we have

J ∼Q,ηZ lAV ,

where AV is the strict transform of A on V . By Lemma 5.2, there exists a log
bounded pair (V,BV + J +

∑
Di) and rational numbers ai ≥ 0 for 1 ≤ i ≤ k such

that
J +

∑
aiDi ∼Q,Z lAV .

By log boundedness, we may assume there exists a family (V ,BV) → S together
with divisors J and Di on V such that there exists a point s ∈ S with

(V,BV ) ≃ (Vs,BVs), Js ≃ J, and Di,s ≃ Di.

By [HX15, Proposition 2.4], after passing to a stratification of S, we may assume
that KV + BV is Q-Cartier and klt. By [HJ22, Lemma 2.8], there is a fibration
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g : V → Z over S such that Vs → Zs is isomorphic to V → Z. Moreover, by
Remark 3.9, we may assume that J is big over Z. Since each Di is vertical over Z,
Di is vertical over Z as well.

Let H be a Cartier divisor on Z which is ample over S, and let G ∈ |6nH| be a
general member, where n = dimX . By the boundedness of the length of extremal
rays, the log canonical model of

(V ,BV + µ(J +
∑
aiDi))

over Z coincides with the log canonical model of

(V ,BV + µ(J +
∑
aiDi) +

1
2
G)

over S, for µ > 0 sufficiently small. After passing to a stratification and applying
[HMX18, Theorem 1.2] to a fiberwise log resolution of

(V ,BV + µ(J +
∑
aiDi) +

1
2
G)

over S, we may assume that it admits a relative log canonical model over S which
induces log canonical models fiberwise.

By Lemma 5.3, there exist finitely many rational maps

V 99K Yj/Z

such that for every (a1, a2, . . . , ak), there exists j for which Yj is the log canonical
model of

(V ,BV + µ(J +
∑
aiDi))

over Z. Then Yj,s is the log canonical model of

(V,BV + µ(J +
∑
aiDi))

over Z, hence also of (V,BV +µlAV ) over Z. Since (X,B+µlA) is the log canonical
model of (V,BV + µlAV ) over Z, it follows that Yj,s ≃ X. Therefore, we conclude
that (X,B + f ∗H) is log bounded. □

6. Stable minimal models and fibered Calabi–Yau varieties

In this section, we apply our boundedness results on polarized log Calabi–Yau
fibrations to stable minimal models and fibered Calabi–Yau varieties.

Definition 6.1 ([Bir21a, Definition 1.1]). Let d ∈ N, u ∈ Q>0, and Φ ⊂ Q≥0 be a
DCC set. Let Fgklt(d,Φ, u) be the set of projective generalized pairs (X,B,M) such
that

(1) (X,B,M) is klt of dimension d,
(2) the coefficients of B are in Φ,
(3) there is a birational morphism X ′ → X such that M descends to X ′ and

MX′ =
∑
µiM

′
i where M

′
i is nef Cartier and µi ∈ Φ for any i,

(4) KX +B +MX is ample, and
(5) vol(KX +B +MX) = u.
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Proof of Corollary 1.8. By Lemma 3.2, we may assume that A is an effective integral
divisor and vol(A|F ) = v is fixed. By [Bir21a, Lemma 8.2], all log discrepancies of
(X,B) that are smaller than 1 are in a fixed finite set Φ′, depending only on d, u, v,Φ.
In particular, the coefficients of B belong to Φ′, and there exists a positive number
ϵ, depending only on d, u, v,Φ, such that (X,B) is ϵ-lc.

By [Bir21a, Lemma 7.4], there exists a positive integer p, depending only on
d, u,Φ, such that we can write a canonical bundle formula

KX +B ∼Q f
∗(KZ +BZ +MZ),

where pMZ′ is Cartier on some high resolution Z ′ → Z.
By [HMX14, Theorem 1.1], the coefficients of BZ are in a fixed DCC set Ψ,

depending only on d,Φ. Replacing Ψ by Ψ ∪ {1
p
}, we obtain

(Z,BZ ,M) ∈ Fgklt(d
′,Ψ, u),

where d′ = dimZ. By [Bir21a, Theorem 1.4], (Z,BZ ,M) belongs to a bounded
family. Furthermore, by the remark following [Bir22, Theorem 4.3], there exists a
fixed positive integer l such that

H := l(KZ +BZ +MZ)

is very ample. Consequently,

f : ((X,B), A) → (Z,H)

is a (d,Φ′, v, ld
′
u, ϵ)-polarized log Calabi–Yau fibration. Therefore, the corollary

follows from Theorem 1.5 and Theorem 1.7. □

Proof of Corollary 1.9. By [Zhu25, Lemma 2.11] (see also [Bir23b, Theorem 1.9]),
there exists a canonical bundle formula

KX +B ∼R f
∗(KZ +BZ +MZ)

such that (Z,BZ ,M) is a δ-lc generalized pair for some δ ∈ R>0 depending only
on d, ϵ, v. Since Z is rationally connected, by [Bir23b, Theorem 1.7], there exists a
projective variety Z ′ such that

• Z ′ 99K Z is an isomorphism in codimension one, and
• there is a fixed positive integer r and a very ample divisor H ′ on Z ′ such
that H ′dimZ′ ≤ r.

By [BDCS24, Propositions 3.6 and 3.7], there exists an ϵ-lc pair (X ′, B′) which
is isomorphic in codimension one to (X,B), and a contraction f ′ : X ′ → Z ′ with
KX′ +B′ ∼R,Z′ 0. Let A′ be the strict transform of A on X ′. Then

vol(A′|F ′) = vol(A|F ) ≤ v,

where F ′ is the general fiber of f ′ : X ′ → Z ′. Let X ′′ be the ample model of A′ over
Z ′, and B′′ and A′′ be the pushdown of B′ and A′ on X ′′. Then we conclude that

f ′′ : ((X ′′, B′′), A′′) → Z ′

is a (d, v, r, ϵ)-polarized log Calabi–Yau fibration. Therefore, Theorem 1.5 implies
that X ′′ is bounded in codimension one. Since X 99K X ′′ does not extract any
divisor, by [BDCS24, Corollary 2.13], X is bounded in codimension one. □
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